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HIROKI SUMI AND MARIUSZ URBANSKI 

Abstract. We study finitely generated expanding semigroups of rational maps with over- 
laps on the Riemann sphere. We show that if a c?-parameter family of such semigroups 
satisfies the transversality condition, then for almost every parameter value the Hausdorff 
dimension of the Julia set is the minimum of 2 and the zero of the pressure function. 
Moreover, the Hausdorff dimension of the exceptional set of parameters is estimated. We 
also show that if the zero of the pressure function is greater than 2, then typically the 
2-dimensional Lebesgue measure of the Julia set is positive. Some sufficient conditions for 
a family to satisfy the transversality conditions are given. We give non-trivial examples of 
families of semigroups of non-linear polynomials with transversality condition for which the 
Hausdorff dimension of the Julia set is typically equal to the zero of the pressure function 
and is less than 2. We also show that a family of small perturbations of Sierpiiiski gasket 
system satisfies that for a typical parameter value, the Hausdorff dimension of the Julia 
set (limit set) is equal to the zero of the pressure function, which is equal to the similarity 
dimension. Combining the arguments on the transversality condition, thermodynamical 
formalisms and potential theory, we show that for each a e C with |a| ^ 0, 1, the family 
of small perturbations of the semigroup generated by {z^, az^} satisfies that for a typical 
parameter value, the 2-dimensional Lebesgue measure of the Julia set is positive. 
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1. Introduction 

A rational semigroup is a semigroup generated by a family of non-constant rational 
maps g : C ^ C, where C denotes the Riemann sphere, with the semigroup operation being 
functional composition. A polynomial semigroup is a semigroup generated by a family of 
non-constant polynomial maps on C. The work on the dynamics of rational semigroups 
was initiated by A. Hinkkanen and G. J. Martin ([11]), who were interested in the role of 
the dynamics of polynomial semigroups while studying various one-complex-dimensional 
moduli spaces for discrete groups of Mobius transformations, and by F. Ren's group ([46]), 
who studied such semigroups from the perspective of random dynamical systems. 

The theory of the dynamics of rational semigroups on C has developed in many directions 
since the 1990s ([11, 46, 20, 21, 9, 24, 25, 26, 27, 28, 29, 30, 40, 42, 32, 34, 22, 35, 36, 37, 38, 
39]). For a rational semigroup G, we denote by F{G) the maximal open subset of C where 
G is normal. This F{G) is called the Fatou set of G. The complement J{G) := C\F{G) is 
called the Julia set of G. Since the Julia set J{G) of a rational semigroup G = (/i, . . . , /^) 
generated by finitely many elements fi, ■ ■ ■ , fm has backward self-similarity i.e. 

(1-1) m = frViG)) u • • • u f-\j{G)), 

(see [24, 26]), it can be viewed as a significant generahzation and extension of both the 
theory of iteration of rational maps (see [15, 1]) and conformal iterated function systems 
(see [14]). Indeed, because of (1.1), the analysis of the Julia sets of rational semigroups 
somewhat resembles "backward iterated functions systems" , however since each map fj is 
not in general injective (critical points), some qualitatively different extra effort in the cases 
of semigroups is needed. The theory of the dynamics of rational semigroups borrows and 
develops tools from both of these theories. It has also developed its own unique methods, 
notably the skew product approach (see [26, 27, 28, 29, 32, 33, 34, 36, 37, 38, 39, 40, 41, 
42, 43]). 

The theory of the dynamics of rational semigroups is intimately related to that of the 
random dynamics of rational maps. For the study of random complex dynamics, the reader 
may consult [8, 4, 5, 3, 2, 10, 36, 38, 39]. The deep relation between these fields (rational 
semigroups, random complex dynamics, and (backward) IFS) is explained in detail in the 
subsequent papers ([30, 32, 33, 34, 31, 35, 36, 37, 38, 39]) of the first author. For a random 
dynamical system generated by a family of polynomial maps on C, let : C — )■ [0, 1] be 
the function of probability of tending to oo e C. In [36, 38, 39] it was shown that under 
certain conditions, is continuous on C and varies only on the Julia set of the associated 
rational semigroup. For example, for a random dynamical system in Remark 1.5, T^o is 
continuous on C and the set of varying points of Too is equal to the Julia set of Figure 1, 
which is a thin fractal set with Hausdorff dimension strictly less than 2. From this point of 
view also, it is very interesting and important to investigate the figure and the dimension 
of the Julia sets of rational semigroups. 

In this paper, for an expanding finitely generated rational semigroup (/i,...,/^), we 
deal at length with the relation between the Bowen parameter 6{f ) (the unique zero of the 
pressure function, see Definition 2.13) of the multimap / = (/i, . . . , f^n) and the Hausdorff 
dimension of the Julia set of {fi, ■ ■ ■ , fm) ■ In the usual iteration of a single expanding 
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rational map, it is well known that the Hausdorff dimension of the Julia set is equal to 
the Bowcn parameter and they arc strictly less than two. For a general expanding finitely 
generated rational semigroup (/i, . . . , it was shown that the Bowen parameter is larger 
than or equal to the Hausdorfi^ dimension of the Julia set ([25, 28]). If we assume further 
that the semigroup satisfies the "open set condition" (see Definition 3.1), then it was shown 
that they are equal ([28]). However, if we do not assume the open set condition, then there 
are a lot of examples for which the Bowen parameter is strictly larger than the Hausdorff 
dimension of the Julia set. In fact, the Bowen parameter can be strictly larger than two. 
Thus, it is very natural to ask when we have this situation and what happens if we have 
such a case. Let Rat be the set of non-constant rational maps on C endowed with the 
topology of uniform convergence on C. For each m e N, we set 

Exp(m) := {{gi, ...,gm)& (Rat)"" : {gi, ...,gm) is expanding}. 

Note that Exp(m) is an open subset of (Rat)"* (see Lemma 2.9). Let U he a, bounded open 
subset of M*^. For each A e C/, let fx — (/a,i, ■ ■ ■ , fx,m) be an element in Exp(m). We set 

Gx :— {fx,i, ■ ■ ■ , f\,m)- 

We assume that the map A i-)- fxj e Rat, X e U, is continuous for each j — 1, . . . , m. 

For every A G f/, let s(A) be the zero of the pressure function for the system generated 
by fx- Note that the function A i— ?> s(A),A G [/, is continuous (see Theorem 2.16). For a 
family {fx}\eu i^ Exp(m), we define the transversality condition (see Definition 3.7). 
The transversality condition was introduced and investigated for a family of contracting 
IFSs in [16] (case of IFSs in M), [18] (case of finite IFSs of similitudes in general Euclidian 
spaces W^, d > 1), [19] (case of infinite hyperbolic or parabolic IFSs in M), and [23] (case of 
finite parabolic IFSs in M) . Among these papers there are several types of definitions of the 
transversality condition. Our definition of the transversality condition is similar to that 
given in [19], though in the present paper we work on a family of semigroups of rational 
maps which are not contracting and are not injective. 

For any p G N, we denote by Lebp the p-dimensional Lebesgue measure on a p-dimensional 
manifold. We prove the following. 

Theorem 1.1 (Theorem 3.12). Let {fx}xeu be a family in Exp(m) as above. Suppose that 
{fx}\eu satisfies the transversality condition. Then we have all of the following. 

(1) HD(J(Ga)) ~ min{s(A),2} for Leb^-a.e. A G [/, where HD denotes Hausdorff 

dimension. 

(2) For Lebd-a.e. A G {A G C/ : s(A) > 2}, Leh2{J{Gx)) > 0. 

It is very interesting to investigate the Hausdorff dimension of the exceptional set of 
parameters in the above theorem. In order to do that, we define the strong transversality 
condition (see Definition 3.14), and we prove the following. 

Theorem 1.2 (Theorem 3.18). Let {fx}\eu be a family in Exp(m) as above. Suppose that 
{fx}\eu satisfies the strong transversality condition. If G is a subset of U , then for each 
^ > 0; u;e have 

HD({A G G : HD( J(Ga)) < min{e, s(A)}) < min{C, sup s(A)} + d-2. 

AeG 
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Since ED{J{Gx)) < s{X) for each A e C/, if we further assume sup^j^g^/ s(A) < 2 in the 
above theorem, then 

HD({A e U : RD(J(Gx)) ^ s(A)}) < HD(C/) = d. 

It is very important to study sufficient conditions for a family of expanding semigroups 
to satisfy the strong transversahty condition. Let ?7 be a bounded open subset of C^. 
We say that a family {fx}\eu in Exp(m) as above is a holomorphic family in Exp(m) if 
{z, A) f\,j{z) G C, {z, A) G C X t/, is holomorphic for each j. For a holomorphic family 
in Exp(m), we define the analytic transversality condition (see Definition 3.20). We 
prove the following. 

Proposition 1.3 (Proposition 3.21). Let {f\\\^u be a holomorphic family in Exp(m). 
Suppose that {f\\\eu satisfies the analytic transversality condition. Then for each non- 
empty, relatively compact, open subset U' of U , the family {f\}\eu' satisfies the strong 
transversality condition and the transversality condition. 

By using Proposition 1.3 and some calculations of the partial derivatives of the conju- 
gacy maps with respect to the parameters (Lemma 3.22-Corollary 3.25) and an observa- 
tion on the combinatorics on the Julia set (Lemma 3.26), we can obtain many examples of 
holomorphic families satisfying the analytic transversality condition, the strong transver- 
sality condition, and the transversality condition. Combining the above and some further 
observations, we prove the following Theorem 1.4. We consider the space V {g : 
g is di, polynomial, deg(g') > 2} endowed with the relative topology from Rat. We are inter- 
ested in families of small perturbations of elements in the boundary of the parameter space 
A in Exp(m), where 

A := {{gu ■■■:9m) ^ Exp(m) : g^\J{{gu • • • , 9m)) n gj\J{{gi, ■■■, gm))) = if i ^ ]}■ 

Theorem 1.4 (Theorem 4.1). Let {di, ^2) G be such that di, ^2 > 2 and {di, ^2) 7^ (2, 2). 
Let b = -ue*^ G {0 < |2;| < 1}, where < u < 1 and 9 G [0, 27r). Let a G [0, 27r) be a number 
such that there exists a number n G Z with d2{7i + 9) + a = 9 + 2nn. Let (3i{z) = z'^^ . 
For each t > let gt{z) — te^°'{z — b)'^'^ -\- b. Then there exists a point ti G (0, 00) and an 
open neighborhood U of in C such that the family {fx — {Pi,gti + ^9ti)}xeu with Aq = 
satisfies all of the following (i)-(iv). 

(i) {f\}xeu is a holomorphic family in Exp(2) satisfying the analytic transversality 
condition, strong transversality condition and the transversality condition. 

(ii) For each XeU, s{X) <2. 

(iii) There exists a subset of U with HD(C/ \ fi) < HD(C/) = 2 such that for each 

1 < + < HD( J(G,)) = .(A) < 2. 

(iv) J(Gao) is connected and HD(J(Gao)) — ^i^o) < 2. Moreover, satisfies the 
open set condition. Furthermore, for each t G {0,ti), {Pi,gt) satisfies the open set 
condition, Pi^{J{{Pi, gt))) gr^{J{{f3i, gt))) — 0, J{{f3i,gt)) is disconnected, and 

1 < M ^ < mjm,9t))) = m,9t) < 2, 
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where 5{f3i, gt) denotes the Bowen parameter of {f3i, gt). 

Moreover, there exists an open neighborhood Y of {f3i,gt^) in such that the family {7 = 
(7i,72)}^gy satisfies all of the following (v)-(viii). 

(v) {7 = (7i,72)}7ey is a holomorphic family in Exp(2) satisfying the analytic transver- 
sality condition, strong transversality condition and the transversality condition. 

(vi) For each 7 G F, 5(7) < 2, where 5{'j) is the Bowen parameter of j = (71,72)- 

(vii) There exists a subset V ofY with HD(y \ T) < HD(y) = 2{di + ^2 + 2) such that 
for each A e 

(viii) For each neighborhood V of in Y there exists a non-empty open set W in 
V such that for each 7 = (71,72) G ^((71,72)) is connected. 

Remark 1.5. For each 7 = (71,72) G and p = {pi,P2) G (0, 1)^ with pi + P2 = 1, we 
consider the random dynamical system such that for each step, we choose 7^ with probability 
Pi- For each 2; G C, let T^^^^p{z) be the probability of tending to 00 starting with the initial 
value z. Then the function T^^^^p : C — )■ [0, 1] is locally constant on F{{ji,j2))- Moreover, 
this function provides a lot of information about the random dynamics generated by (7,p). 
(See [36, 39].^ Let {fx}\eu be as in Theorem I.4. Let ( = {(1,(2) = (/ao,i, /ao,2)- Let p = 
(1/2, 1/2). Then we can show thatToo,Q,p is continuous on<C and the set of varying points of 
Too,c,p is equal to J(Gao) = <^((Ci)C2))- (For the figure of J{G\q), see Figure 1.) Moreover, 
there exists an neighborhood H of (Ci,C2) in such that for each 7 = (71,72) £ H, 
Too,'y,piz) is continuous on C and locally constant on ^((71, 72))- It is a complex analogue 
of the devil's staircase and is called a "devil's coliseum." (These results are announced 
in the first author's papers [31, 37]. j From this point of view also, it is very natural and 
important to investigate the Hausdorjf dimension of the Julia set of a rational semigroup. 



Figure 1 . The Julia set of the 2-generator polynomial semigroup with 
{di, 0^2) = (3, 2), 6 = 0.1, in Theorem 1.4. Gxo satisfies the open set condition, 
J(Gao) is connected and HD(J(Gao)) = ^(-^o) < 2. 



In Theorem 1.4 we deal with 2-generator polynomial semigroups (71,72) with deg(7i), 
deg(72) > 2, (deg(7i), deg(72)) 7^ (2,2) for which the planar postcritical set is bounded. In 
the family of Theorem 1.4, for a typical parameter value the Hausdorff dimension of the 
Julia set is strictly less than 2 and is equal to the Bowen parameter. Thus it is very natural 
to ask what happens for polynomial semigroups (71,72) with deg(7i) = deg(72) = 2 for 
which the planar postcritical set is bounded. In this case, by [32, Theorem 2.15], J((7i, 72)) 
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is connected and 5'r^(>^((7i) 72))) 72"^(>^((7i) 72))) 7^ 0- Combining Proposition 1.3 and 
the lower estimate of the Bowen parameter from [43], which was obtained by using thermo- 
dynamic formahsms, potential theory, and some results from [45], we prove the following. 

Theorem 1.6 (Corollary 4.5). For each a e C with \a\ ^ 0, 1, there exists an open neigh- 
borhood Ya of {az'^, z^) in such that {g = {gi, g2)}geYa is a holomorphic family in Exp(2) 
satisfying the analytic transversality condition, the strong transversality condition and the 
transversality condition and for a.e. g = {gi,g2) G Ya with respect to the Lebesgue measure 
on V, Leb2(J((^i,^2)))>0. 

Note that in the usual iteration dynamics of a single expanding rational map g, the 
Hausdorff dimension of the Julia set is strictly less than two. In particular, Leb2(</(5')) = 0- 

For an a G C with \a\ 7^ 0, 1, J{{az'^, z^)) is equal to the closed annulus between {w G 
C : Iwl = 1} and {w G C : |w| = thus int( J((a2;^, 2;^))) 7^ 0. However, regarding 

Theorem 1.6, it is an open problem to determine for any other parameter value {gi, 512) G 
with Leb2(J((5'i,5'2))) > 0, whether int( J((g'i, 512))) = or not. At least we can show that 
for each a G C with \a\ ^ 0,1, for each neighborhood W of {az^^z^) in Ya there exists 
a non-empty open subset W oi W such that for each (71,72) G W, -^((71,72)) has at 
least three connected components and ^((71,72)) is not a closed annulus. If a G M with 
a > 0, a 7^ 1, then we can show that for each neighborhood W of [az^, z"^) in Ya and for 
each n G N with n > 3, there exists a non-empty open subset Wn of W such that for each 
(71,72) G -^((71,72)) has at least n connected components and ^((71,72)) is not a 
closed annulus (see Remark 4.6). 

We now consider the expanding semigroups generated by affine maps. Let m >2. For 
each j = 1, . . . , m, let gj{z) = ajz+bj, where aj, bj G C, \aj\ > 1. Let G = (gi, . . . , g^). Since 
\aj\ > 1, 00 G F{G). Hence, by (1.1), J{G) is a compact subset of C which satisfies J{G) = 
UjLidJ^iJiG)). Since g^^ is a contracting similitude on C, it follows that J{G) is equal to 
the self-similar set constructed by the family {gi^, . . . , g^^} of contracting similitudes. For 
the definition of self-similar sets, see [7, 12]. Note that the Bowen parameter S{gi, . . . , gm) 
of (5^1, . . . , gm) is equal to the unique solution of the equation YllLi = l,t > 0. Thus 
S{gi, . . . ,gm) is the similarity dimension of {gi^, ■ ■ ■ Conversely, any self-similar set 

constructed by a finite family {hi,...,hm} of contracting similitudes on C is equal to 
the Julia set of the rational semigroup {h^^, . . . , h^). By using Proposition 1.3 and some 
calculations of the partial derivatives of the conjugacy maps with respect to the parameters, 
we prove the following. 

Theorem 1.7 (Theorem 4.8). Let m G N with m > 2. For each i = 1, . . . , m,, let gi{z) = 
aiz + bi, where G C, |aj| > 1, 6^ G C. Let G :— {gi, . . . , g^) ■ We suppose all of the 

following conditions. 

(i) For each {i,j) with i ^ j and g^^(J{G)) fl gJ^{J{G)) 7^ 0, there exists a number 
a,, G {l,...,m} such that g,{gr\j {G)) r\ gj\j {G))) C {^^}. 

(ii) Ifi,j,k are mutually distinct elements in {1, . . . ,m}, then 

gu{gi\J{G))ngj\j{G)))(lF{G). 



7 



(iii) For each (j, k) with j 7^ k, 9k{-^) e ^(<^)- 

Then, there exists an open neighborhood U of {gi, . . . ,gm) G (Aut(C))'", where Aut(C) := 
{az + b : a & C \ {0}, b e C}, such that {7 = (71, . . . , 7m)}7e!7 « holomorphic family in 
Exp(m) satisfying the analytic transversality condition, strong transversality condition and 
the transversality condition. 

Note that in the above theorem, for each j — 1, . . . ,m, J{gj) = {-^^}- 
By using Theorem 1.7, we can obtain many examples of famihes of systems of affine 
maps satisfying the analytic transversality condition. In fact, we have the following. 

Example 1.8 (Example 4.10). Let pi,p2,P3 E C be such that P1P2P3 makes an equilateral 
triangle. For each i = 1,2,3, let gi{z) = 2{z — Pi) + Pi. Let G = {gi,g2,g3)- Then J{G) 
is equal to the Sierpinski gasket. It is easy to see that {gi,g2,g3) satisfies the assumptions 
of Theorem 1.7. Moreover, 5(gi, 92,93) = HD( J(G')) = g| < 2. 5?/ Theorems 1.7, 1.2 
and 2.15, there exists an open neighborhood U of {gi,g2,g3) in (Aut(C))^ and a Borel 
subset A of U with HD(f/ \ A) < HD(f/) = 6 such that (1) {7 = (71, 72, 73)}7e(/ is a 
holomorphic family in Exp(3) satisfying the analytic transversality condition, the strong 
transversality condition and the transversality condition, and (2) for each 7 = (71,72,73) G 
A, HD(J((7i,72,73))) = 5(71,72,73) < 2. 

For any other examples including the families related to the Snowflake and Pentakun, 
see Examples 4.9, 4.11, and 4.12. We remark that these examples (Examples 1.8, etc.) 
have not been dealt with explicitly in any literatures of contracting IFSs with overlaps. 

In section 2, we introduce and collect some fundamental concepts, notation, and defini- 
tions. In section 3, we prove the main results of this paper. In section 4, we describe some 
applications and examples. In section 5, we make a remark on similar results for families 
of conformal contracting iterated function systems in arbitrary dimensions. 

2. Preliminaries 

In this section we introduce notation and basic definitions. Throughout the paper, we 
frequently follow the notation from [26] and [28] . 

Definition 2.1 ([11, 46]). A "rational semigroup" G is a semigroup generated by a fam- 
ily of non-constant rational maps g : C ^ C, where C denotes the Riemann sphere, with 
the semigroup operation being functional composition. A "polynomial semigroup" is a semi- 
group generated by a family of non-constant polynomial maps ofC. For a rational semigroup 
G, we set 

F{G) :— {z & C : G is normal in some neighborhood of z} 
and we call F{G) the Fatou set of G. Its complement, 

J{G) ■.= C\F{G) 

is called the Julia set ofG. IfG is generated by a family {fi}i (i.e., G = {fi^^o- ■ -ofin '■ n e 
N,yfij e {fi}}), then we write G — (/i,/2, ■ ■ ■)■ For each 9 e Rat, we set F(gr) := F{{9)) 
and J{9) := J{{9)). 
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Note that for each h e G, h{F{G)) C F{G),h~\J(G)) C J(G). For the fundamental 
properties of F(G) and J{G), see [11, 20, 26]. For the papers dcahng with dynamics of 
rational semigroups, see for example [11, 46, 20, 21, 9, 24, 25, 26, 27, 28, 29, 30, 40, 41, 42, 
43, 32, 33, 34, 22, 35, 36, 37, 38, 39, 31], etc. 

We denote by Rat the set of all non-constant rational maps on C endowed with the 
topology of uniform convergence on C. For each d e N, we set Rat^ := {g e Rat : deg(g') = 
d}. Note that each Rat^^ is a connected component of Rat. Hence Rat has countably many 
connected components. In addition, each connected component Rat^ of Rat is an open 
subset of Rat and Rat,^ has a structure of a finite dimensional complex manifold. Similarly, 
we denote by V the set of all polynomial maps g : C ^ <C with deg(5') > 2 endowed with 
the relative topology inherited from Rat. We set Aut(C) := {az + 6 : a, 6 e C, a 7^ 0} 
endowed with the relative topology inherited from Rat. For each d E N with d > 2, wc set 
Vd '■= {g E V : deg((?) = d}. Note that each Vd is a connected component of V. Hence V 
has countably many connected components. In addition, each connected component Vd of 
V is an open subset of V and Vd has a structure of a finite dimensional complex manifold. 
Moreover, Aut(C) is a connected, complex- two-dimensional complex manifold. Wc remark 
that — )■ 5^ as n — )■ 00 in P U Aut(C) if and only if there exists a number e N such that 

(i) deg((7„) = deg{g) for each n > N, and 

(ii) the coefficients of gn{n > N) converge to the coefficients of g appropriately as 
n — >■ 00. 

Thus 

Vd^{C\ {0}) X and Aut(C) ^ (C \ {0}) x C. 

For more information on the topology and complex structure of Rat and V U Aut(C), the 
reader may consult [1]. 

For each 2; G C, we denote by TC^ the complex tangent space of C at z. Let (f : V ^ <C 
be a holomorphic map defined on an open set V of C and let z E V. Wc denote by 
D(pz ■ TCz — >■ TC^(^z) the derivative of (p at z. Moreover, we denote by the norm of 

the derivative Dcpz at z with respect to the spherical metric on C. 

Definition 2.2. For each m e N, let := {1, . . . , m}^ be the space of one-sided sequences 
of m-symhols endowed with the product topology. This is a compact metrizable space. For 
each f — {fi, . . . , f^) e (Rat)"*, we define a map 

/ : X C ^ X C 

by the formula 

f{u,z) = {(r{uj), fuj^z)), 

where {lj,z) G x C, o; = {u!i,u!2, ■ ■ .), and a : — )■ T,^ denotes the shift map. The 
transformation f : E^ x C — >■ E^ xC is called the skew product map associated with the 
multimap f — {fi, . . . , /„) G (Rat)"*. We denote by tti : E^ x C — >■ E^ the projection onto 
Em and by 712 '■ E^ x C — t- C the projection onto C. That is, 7ri(a;, z) — uj and 772(0;, z) — z. 
For each n G N and {uj,z) G E^ x we put 

||(r)V,z)|| !!(/.„ o...o/.J'(^) II . 
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We define 

Juiif) := {z & C : o ■ ■ • o fij-^}n£n is not normal in each neighborhood of z} 
for each cu e and we set 

where the closure is taken with respect to the product topology on the space x C. J(/) is 
called the Julia set of the skew product map f. In addition, we set F{f ) := (S^ x C) \ J(/). 
and deg(/) := Xljli deg(/j). We also set S*^ := U°^^{1, . . . , m}-' (disjoint union). For each 
uj e 'Lrn U Sj^ let \u\ he the length of uj. For each oj G U Sj^ we write u = {u!i,(x!2, ■ ■ •)• 
For each f = (/i, . . . , fm) G (Rat)"* and each ui = (wi, . . . , Un) G T,*^, we put 

fcO ■■= fLO„° ■ ■ ■ ° fuJl- 

For every n < |a;| let a;|n = {uJi,U2, ■ ■ ■ .oJn)- If ^ ^ S^, we put 

[oj] = {r e : r||^| = u}. 

If oo,T G U u At is the longest initial subword common for both oo and r. Let a be 
a fixed number with < a < 1/2. We endow the shift space with the metric pa defined 
as pa{io,T) = ftl'^^'^l with the standard convention that = 0. The metric da induces the 
product topology on E^. Denote the spherical distance on 'C by p and equip the product 
space Tim x C with the metric p defined as follows. 

p{{uj, x), (r, y)) = max{pa{uj, r),p{x, y)}. 

Of course p induces the product topology on x C. If uj = (a;i,a;2, • • • ,<^n) £ '^m <^™^ 
T = (ti, T2, . . .) e E;^ U Tm, we set ut := {ui.u^, . . . , u;„, ri, r2, . . .) G E;;^ U E^. For a 
j G {1, . . . , m), we set := (j, j, j, . . .) G E^. 

RemEirk 2.3. By definition, the set J{f) is compact. Furthermore, if we setG — (/i, . . . , fm), 
then, by [26, Proposition 3.2], the following hold: 

(1) J(/) is completely invariant under f; 

(2) / is an open map on J{f); 

(3) ifPiG) > 3 and E{G) := G C : Ug^c 9'^{{z}) < oo} is contained in F{G), 
then the dynamical system (/, J{f)) is topologically exact; 

(4) J(/) is equal to the closure of the set of repelling periodic points of f if ^J{G) > 
3, where we say that a periodic point (cu, z) of f with period n is repelling if 

ii(r)V,^)ii>i- 

(5) 7r2(J(/)) = J{G). 

Definition 2.4 ([28]). A finitely generated rational semigroup G — (/i, . . . , fm) is said to 
be expanding provided that J{G) ^ and the skew product map f : Tim x C — >■ Tm x C 

associated with f = (/i, . . . , /„) is expanding along fibers of the Julia set J{f), meaning 
that there exist r] > 1 and C G (0,1] such that for all n > 1, 



(2.1) 



mi{\\{rnz)\\:zeJ{f)}>Gri\ 
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Definition 2.5. Let G be a rational semigroup. We put 

P{G) := Ugfzcidll critical values of g : C ^ C} (c C) 

and we call P{G) the postcritical set of G. A rational semigroup G is said to be hyper- 
bolic z/P(G) C F{G). 

We remark that if F C Rat and G is generated by F, then 

(2.2) P{G) = y ^( |J{all critical values of /i : C ^ C}). 

g£G her 

Definition 2.6. Let G be a polynomial semigroup. We set P*{G) := P{G) \ {oo}. This 
set is called the planar postcritical set of G. We say that G is postcritically bounded if 
P*{G) is bounded in C. 

Remark 2.7. Let G = (/i, . . . , fm) be a rational semigroup such that there exists an ele- 
ment g & G with deg(g') > 2 and such that each Mobius transformation in G is loxodromic. 
Then, it was proved in [25] that G is expanding if and only if G is hyperbolic. 

Definition 2.8. For each m eN, we define 

Exp(m) := {(/i, . . . , /m) e (Rat)™ : (/i, . . . , /^) is expanding}. 

Then we have the following. 

Lemma 2.9 ([24, 41]). Exp(m) is an open subset of (Rat)'". 

Lemma 2.10 (Theorem 2.14 in [27]). For each f = (/i,...,/m) e Exp(m), J(/) = 
UeE.({^} X Uf)) and J{{f,, ...Jm)) = UeE. UD- 
Definition 2.11. We set 

Epb(m) := {/ = (/i, . . . , fm) € Exp(m) fl : (/i, . . . , fm) is postcritically bounded}, 
Lemma 2.12 ([34, 36]). Epb(m) is open inV"". 

Definition 2.13. Let f = (/i, . . . , fm) G Exp(m) and let f : x C — )■ xC be the skew 
product map associated with f — {fi, . . . , fm). For each t eW, let P{t, f) be the topological 

pressure of the potential (p{z) := — tlog ||/'(-z)|| with respect to the map f : J(/) — >■ J(/). 
(For the definition of the topological pressure, see [17].) We denote by 6{f) the unique zero 
of the function M. 3 t ^ P{t, f) G M. Note that the existence and uniqueness of the zero of 
the function P{t, f) was shown in [28]. The number S{f) is called the Bowen parameter 
of the multimap f — (/i, . . . , fm) £ Exp(m). 

Let u > 0. A Borel probability measure fi on J{f) is said to be u-conformal for f if the 
following holds. For any Borel subset A of J{f) such that f\A'-A^ J{f) is injective, we 
have that 

i^m))= [ \\f'{z)\rdi,{z). 

J A 

We remark that with the notation of Definition 2.13, there exists a unique 5(/)-conformal 
measure for / (see [28]). 



11 



Definition 2.14. For a subset A of C, we denote by }iD{A) the Hausdorff dimension of 

A with respect to the spherical metric. For each d E N, if B is a subset of M.^, we denote 
by HD(i?) the Hausdorff dimension of B with respect to the Euclidean distance on M'^. For 
a Riemann surface S, we denote by Aut(S') the set of all holomorphic isomorphisms of 
S. For a compact metric space X, we denote by C{X) the Banach space of all continuous 
complex-valued functions on X, endowed with the supremum norm. 

A fundamental fact about the Bowen parameter is the following. 

Theorem 2.15 ([28, 25]). For each f = {fi, . . . Jm) e Exp(m), HD( J((/i, . . . , /^))) < 

sif). 

Another crucial property of the Bowen parameter is the following fact proved as one of 
the main results of [41]. 

Theorem 2.16 ([41]). The function Exp(m) 9 / i->- S{f) e M Z5 real-analytic and plurisub- 
harmonic. 

Remcirk 2.17 ([28, 43]). Let f = (/i, . . . , /^) G Exp(m). Then there exists a unique equi- 
librium state Uf with respect to f : J{f) — >■ J{f) for the potential function —S{f) log H/X-^)!!- 

Therefore S{f) = jj^;^y7^^} where h^^{f) denotes the metric entropy of {f,Vf). Moreover, 

5{f) is equal to the "critical exponent of the Poincare series" of the multimap f. For the 
details, see [28, 43]. 

3. Proofs and Results 

In this section we state and prove the main results of our paper. 

Definition 3.1. Let f = (/i, . . . , /„) G (Rat)™ and let G = {fi, . . . , fm) ■ Let also U he a 
non-empty open set in C. We say that f (or G) satisfies the open set condition (with U) if 

U]IJ-\U)CU and fr\U)nfr\U) = (D 

for each {i,j) with i ^ j. There is also a stronger condition. Namely, we say that f (or G) 
satisfies the separating open set condition (with U) if 

U]LJ.\U)CU and fr\u)nf.\U)^0 

for each {i,j) with i ^ j. 

We remark that the above concept of "open set condition" (for "backward IFS's") is an 
analogue of the usual open set condition in the theory of IFS's. 
The following theorem is important for our investigations. 

Theorem 3.2 ([28]). Let f = (/i, . . . , J^) e Exp(m). /// satisfies the open set condition, 
then HD(J((/i,...,/4)) = 5(/). 

It is interesting to ask for an estimate of the Hausdorff dimension of the Julia set of G 
in the case when it is not known whether G satisfies the open set condition. 
We introduce the following setting. 
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Setting (*): Let d,m e N. Let U he & non-empty bounded open subset of R*^. For each 
\ e U, let fx = {f\,i:---J\,m) e Exp(m) and let Gx := {fx,i:---Jx,m)- We suppose 
that {f\}x(^u is a continuous family of Exp(m), i.e., the map U 3 \ ^ fx & Exp(m) 
is continuous. Let Aq G f/ be a fixed point. Suppose that for each A G ?7, there exists 
a homeomorphism hx '■ J{f\o) J{f\) of the form hx{oo,z) = {u, hx{u!, z)) such that 
h\o = ^d\j{fxj^ o /ao ^ f\°hx on J(/ao), and such that the map (c^, z, A) ^) e 

C, (a;, 2;, A) € J{fxo) x C/, is continuous. The point Aq is called the base point of {fxjxeu- 
Let C > 0,77 > 1 be such that for each n eN, M^^^^^^j^j^^^ ll(/ro)'('^' ^ ^^"^ ^^^h 
A e [/, we set s(A) := S{fx), where S{fx) is the Bowen parameter of the multimap fx- 

We now will explain (in Definition 3.3 and Remark 3.4) that Setting (*) is natural. 

Definition 3.3. Let M be a finite dimensional complex manifold. Let m G N. For each A G 
M, let fx = (/a,i, • • • , fx,m) be an element o/Exp(m). We say that {/a} asm is a holomorphic 
family in Exp(m) over M if the map A i->- /a G Exp(m), A G M, is holomorphic. If a 
holomorphic family {fx}xeM in Exp(m) satisfies that fx G Epb(m) for each A G M, then 
we say that {/aIacm is a holomorphic family in Epb(m). 

Remark 3.4. Let {fx\\i=M be a holomorphic family in Exp(m) over a complex manifold 
M and let Aq G M. Then there exists a neighborhood U of Aq such that for the holomorphic 
family {/aIasc/ overU, there exists a unique family {hx}x£U of conjugacy maps as in Setting 
(*). Moreover, A i-)- hx{uj,z) is holomorphic. For the proof of this result, see [41, Theorem 
4.9, Lemma 6.2] and its proof (in fact, the assumption " / is simple" in [41, Theorem 4.9] 
is not needed). 

Remark 3.5. Let {fx}x£M be a holomorphic family in Exp(m) over M and let Aq G M. 

Since the map A 1— > J{Gx) is continuous with respect to the Hausdorff metric ([24, Theorem 
2.3.4], [41, Lemma 4.1]^, there exist a Mobius transformation a, an open neighborhood U 
of Ao, and a compact subset K of C such that setting Gx '■= {ao g o a^^ : g g Gx} for each 
X G U, we have J{Gx) C K for each A G C/. 

In the following Lemma 3.6-Theorem 3.12, we assume Setting (*). 

Notation: For a x G M'^ and r > 0, we denote by Bjfx) the open r-ball with center x 
with respect to the Euclidean distance. For a. y E C and r > we set Dr{y) := {z E C : 
\z — y\ < r}. We denote by Leb^ the d-dimensional Lebesgue measure on a d-dimensional 
manifold. 

Under Setting (*), the following lemma is immediate. 

Lemma 3.6. Let s, e > be given with s > e. Then there exist constants v > and S > 
such that for any {u, z,u' , z' , X) G J{fxo)^xU, if p{{uj , z) , {cu' , z')) <v and X E Bs{Xq) then 

• (774(^^-6) )-i < )[[ < min{r7 4(^ 773} and 

• p{z,hx{uj,z)) < \v. 

We now give the definition of the transversality condition, the concept of our primary 
interests in this paper. 
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Definition 3.7. Let {fx}xGU be as in Setting (*). We say that {f\}\eu satisfies the transver- 
sality condition (TC) if there exists a constant Ci > such that for each r e (0, diam(C)) 
and for each (a;, z), (w', z') e J{f\o) with uji ^ uj[, 

(3.1) Lebrf({A e U : p(M^, z),hx{uj' , z')) < r}) < C^r\ 

Remark 3.8. // {f\\\eu with base Xq & U satisfies the transversality condition, then for 
any Ai e U , the family {f\\\eu with base Ai satisfies the transversality condition with the 
same constant C\ (we just consider the family {h\h'^^}\^u of conjugacy maps). 

Lemma 3.9. Suppose that {fx}xeu satisfies the transversality condition. Let a G (0,2). 
Then there exists a constant C2 > such that for each {ou, z), {uj', z') G J{fxo) with oui ^ uj[, 

dX 



L 



lu p{hx{uj,z),hx{uj\z'))"' 
Proof. Let (cj, z), (cu', z') G J{fxo) with Ui uj[. Then 

Ju p(hx 



dX 



p{hx{uj,z),hx{oj',z')Y 



-a 



-a 



Lebd N A e t/ : — ^- — > x\\dx 

VI p{hx{uj,z)M^'.^')Y~ SJ 

/ Lebd({A e U : p(hx{uj, z),hx{^' , ^')) < r})r-"-^dr 
Jo 

/•diam(C) _ _ 

/ Lebd({A e U : p(hx{co, z),hx{<^' , ^')) < r})r-"-^dr 

Jo 

poo 

+ a / Lehd{{XeU : p(hx{co,z),hxi^\z')) <r}y 

^diamfn 



_ -"-^dr 

I diam(C) 

'•diam(C) 1 
<a [ I C,r- ■ r—^dr + Leb.(^)[— r-^^^^^^,^ ) 



( -^(diam(C))2-" + Lebd(t/)(-(diam(C))-") 



2 — a a 
Thus we have proved our lemma. □ 

Lemma 3.10. Suppose that {fx}xeu satisfies the transversality condition. Then for each 
Xi E U and for each e > 0, there exists 5 > such that for Leb^-a-e. A e ^^(Ai); 
HD(J(G'a)) >min{s(Ai),2}-e. 

Proof. We may assume that Ai = Aq. Since A i-> J{Gx) is continuous with respect to 
the Hausdorff metric in the space of all non-empty compact subsets of C ([24, Theorem 
2.3.4], [41, Lemma 4.1]), by conjugating Gxq with a Mobius transformation, we may assume 
without loss of generality that there exists a compact subset K of C such that for each A 
in a small neighborhood of Aq, J{Gx) C K. Let s :— min{s(Ao), 2}. Let e > 0. For this 
(e, s), let 1), 5 > be as in Lemma 3.6. We may assume that v is small enough. Let p be 
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the s(Ao)-conformal measure for fx^^. Let /i2 A* <H) This is a Borel probabihty measure 
on J(/a(j)^. For each X eU, let 



R{X) 



'Jihof \hx{i^,z) -hx{uj',z')\' ' 
By [7, Theorem 4.13], it suffices to show that 
(3.2) R{X) < oo for Leb<i-a.e. A e ^^(Ao). 

In order to prove (3.2), assuming v is small enough, for each {cu, z,u!' , z') e J{fxo)^ with 
(a;, z) 7^ {cu', z'), let n — n(a;, z, a;', 2;') e N U {0} be the minimum number such that 

either Mf^^iuj, z)) - Mf^^iuj', z'))\ > v or uj^+i 7^ uj'^+v 

For each n G NU {0}, let En := {{uj,z,uj',z') G J(/a„)^ : n{uj,z,uj',z') = n}. Let H : = 
{{u,z,uj',z') G JUxqY : {oJ,z) = {uj',z')}. Then we have J{fxof = -ff 11 n„>o-E„ (disjoint 
union). We obtain that 



l,2{H) = I l^{{{u',z') G J(Ao) : {u,z,uj',z') G i/})c^/x(a;, ^) 
= / /x({(w,^)})ci/i(a;,2;) = 0. 



Hence, by Lemma 3.6 and the Koebe distortion theorem, we obtain that 

d//2(t^, z,uj', z') 



I R{X)dX= I dX [ 



BsiXo) Jbs{\o) Jjih^Y \hx{^^, z) - hx(uj', z<) 



dX 

„=o " " -MAo) \hx{i^, z) - hx{^', z' 



n n 

^ / dn2{i^,z,uj',z') / 

J En J Bs{Xo) 

00 „ „ 

< X] / dn2{uj,z,uj',z') j 

. >^ /• , . . n /■ Const.||(/Ao,HJ-(z)||-(r/^)(--)"ciA 

< > / da2ii^,z,uj ,z ) / — = — = ■ = — 

't'o'J^n Jbs(Xo) \hxifU^,z)) - hx{fl{u;',z'))\^-^ 

^ f , . , n [ Const.||(/r,)-(c.,.)r-i||(/i;)-(c.-..)||-¥(.^f)"dA 

= > / dll2{i^,Z,UJ ,z ) / = 

t'oJEn ' 'jB.iX,) \hx{nMz))-hxUU^',z'))Y-^ 

/• , , , r consi.\\{~rxj{uj,z)\rux 

Jb> 



Const.\\ifxMJihxiu;,z))r-^dX 
„=o--« -^-sixo) \hx{fxo{^,z))-hx{fxo{^',m'- 



iB.iXo) \hx{fl{uj,z))-hx{nM,z'))\^ 
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where Const, denotes a constant although all Const, above may be mutually different, and 
fxoMo ~ Lemma 3.9, it follows that 

/ i?(A)dA < Const, / \\{finuj,z)r-UfX2{uj,z,uj',z') 

oo „ 

< Const. J](C77'^)-t / 

n=0 

= Const. f;(C77-t-) f di,{u,z) I 

n=0 JUXo) ''En,u>,z 

oo ~ 

= Const. J] Cr^-t" / (||(/,"J'(a;,z)|r(^o)/x(i?„,,,,))d/i(a;,;^), 



'Jifxo) 

where En,oj,z '■— G J{fxo) '■ {oj, z,u' , z') e En}. As, by Koebe distortion theorem, 

ll(/Ao)'(^'^)ll^^^°V(K,a;,z) IS Comparable with ii{f^^(En,u,,z)), we therefore, obtain that 

~ oo 

/ R{X)dX < Const. J2 C^"^"" < 

Hence, (3.2) holds. Thus, we have proved Lemma 3.10. □ 

Lemma 3.11. Suppose that {f\}\eu satisfies the transversality condition. Suppose s(Ao) > 

2. Let fi be the s{Xo)-conformal measure on J{f\„) for fx„. Then there exists S > such that 
for Lehd — a.e.X G Bs{Xo), the Borel probability measure (/ia)*(/u) on J{Gx) is absolutely 
continuous with respect to Leb2 with density and Leb2(J(G'A)) > 0. 

Proof. As in the proof of Lemma 3.10, we may assume that there exists a compact subset 
i^T of C such that for each X E U, J{Gx) C K. Take an e > with s(Ao) — e > 2. For this e 
and s — s(Ao), take a couple {v, S) coming from Lemma 3.6. We use the notation and the 
arguments from the proof of Lemma 3.10. For each A e ^^(Ao), let ux :— (/ia)*(a*)- Then 
supp i>x C J{Gx). It is enough to show that ux is absolutely continuous with respect to 
Leb2 with density for Lehd-a.e. X e -^^(Ao). In order to do that, we set 



X:= / dX D{ux,x)diyx{x), 



'Bs{to) 

where 

Divx.x) :— limmf . 

We remark that if I < oo, then by [13, p. 36, p. 43], for Leb^-a.e. A G Bs{Xq), vx is 
absolutely continuous with respect to Leb2 with I? density. Therefore, it is enough to 
show that X < oo. In order to do that, by Fatou's lemma, we have 

(3.3) X<liminf/ / ^^^t?^lllldi/Ja;)dA. 
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Moreover, we have 

where 1a denotes the characteristic function with respect to the set A, and ^2 '■— IJ^ ® A^- 
Hence, by using (3.3), we obtain that 



X <YimiTd^ [ Lebd({A e -B^fAo) : \hx(uj, z) - hxiuj' , z')\ < r})diJ,2(u!, z,uj' , z') 
= hminf — / Lebd({A G ^^(Ao) : \hx{u , z) - hx{u' , z')\ < r})dii2{uj, z,uj' , z'). 

r)=n -fc'" 



By the Koebe distortion lemma (we take v and 6 sufficiently small), there exists a constant 
K > such that for each n e N U {0}, for each (a;, z, u', z') e En and for each A e ^^(Ao), 

\M^,z)-M^\z)\>K\\{fxMJ{z)r^\M^^ 

Therefore, by Lemma 3.6, for each n e NU {0}, for each (a;, 2;, a;', 2;') e and for each 
A e S5(Ao), 

\hx{u,z)-hx{^\z')\ > ir||(/rj'(c.,;.)||-^(r/t)-"|7^,(/r„(a;,z)) -7^,(^(c.',.'))l 

> ir||(/rj'(c.,z)||-^-i(Cr?")trtl/^,(/r„(c.,z)) - /^.(A,(a;',^'))l 

> XCt||(/XJ'(a;,^)||-^-t|7^,(/r„(a;,^)) -^,(/,„(a;',^'))l- 
Hence, by transversality condition, for each n and for each {ou, z,uj', z') e E^, 

Lebd({A e ^^(Ao) : |/^a(^, -2) - M^', < r}) 
< Leb,({A e S5(Ao) : \MfZ{^, z)) -hxifZi^' , ^ < (^^^)'V||(/rj'(a;, z)|r+t}) 
<Const.rl(/rj'(a;,;.)ir+i 
Therefore, 

00 „ 

X< Const. 5^ / \\{finu,z)r+id^i2{uj,z,uj',z') 

= Const, I dfi{u,z) ! Wifiyiu.zW^'^d^iu'.z'), 

where E'^,^,;^ = {(c<;',2:') G J{fxo) ■ (uj, z,uj' , z') e En}. Thus, 

00 „ 

X< Const. 5] / (||(/;j'(c.,z)|r(^°) -/.(K,.,.)) • ||/r,(c.,^)|rid/.(a;,^) 

n=0 •^''(/ao) 
00 

< Const. ^(C77")^ < 00. 

n=0 

Hence we have proved Lemma 3.11. □ 
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Theorem 3.12. Let {f\}x^u be a family in Exp(m) satisfying Setting (*). Suppose that 
{fx}\eu satisfies the transversality condition. Let /i be the s{Xo)-conformal measure on 
J{fxo) for /aq. Then we have the following. 

(1) HD(J(Ga)) = min{s(A),2} forLeha-a.e. XeU. 

(2) For Lebrf-a.e. A G {A G ?7 : s(A) > 2), the Borel probability measure {hx)^{fi) on 
J{Gx) is absolutely continuous with respect to Leb2 with L^ density and Leh2{ J {Gx}) > 
0. 

Proof We first prove (1). By [28], we have that HD( J(G'a)) < min{s(A), 2} for each XeU. 
Hence it suffices to show that HD(J(Ga)) ^ min{s(A),2} for Lebd-a.e. A G f/. Suppose 
that this is not true. Then, there exists an e > and a point Ai G f/ such that Ai is a 
Lebesgue density point of the set {X E U : HD(J(Ga)) < niin{s(A),2} — e}. Then there 
exists So > such that for each 5 G (0, (5o), 

(3.4) Lebd({A G Bs{X,) : HD( J(Ga)) < min{s(A), 2} - e}) > 0. 

However, by the continuity of the function A i-^ s{X) (see Theorem 2.16, [41]), if S is small 
enough, then s(A) < s(Ai) + | for each A G ^^(Ai). Thus, for all 5 sufficiently small, we 
obtain from (3.4) that 

Lebd({A G ^^(Ai) : HD(J(G'a)) < min{s(Ai),2} - |}) > 0. 

This however contradicts Lemma 3.10. Thus, we have proved assertion (1). Statement (2) 
follows from Lemma 3.11. Hence, we have proved our theorem. □ 

We now define the strong transversality condition. 

Definition 3.13. For each r > and each subset F o/M'^, we denote by Nr{F) the minimal 
number of balls of radius r needed to cover the set F. 

Let u be a Borel probability measure in W^. Let u> 0. Let E be a Borel subset o/M'^. We 
say that u is a Frostman measure on E with exponent u if ^{E) = 1 and if there exists a 
constant C > such that for each x eM.'^ and for each r > 0, i'{Br{x)) < Cr^. 

Definition 3.14. Let d eN. Let U be a non-empty bounded open subset o/M'^. Let {fx}\eu 
be a family as in Setting (*). We say that {fx}\eu satisfies the strong transversality con- 
dition (STC) if there exists a constant C( > such that for each r G (0, diam(C)) and for 
each {uj, z), (a;', z') G J{fxo) ^^^^ 

(3.5) Nr{{X G U : p(hx{uj, z),hx{^', ^')) < r}) < C^-'. 

Remcirk 3.15. The strong transversality condition implies the transversality condition. 

In the same way as Lemma 3.9 we can prove the following. 

Lemma 3.16. Let d eN. Let U be a non-empty bounded open subset o/M''. Let {fx}xeu be 
a family as in Setting (*). Suppose that {fx}\eu satisfies the strong transversality condition. 
Let V be a Frostman measure in R*^ with exponent m > 0. Then for each a G (0, w — d + 2) 
there exists a constant C2 > such that for each {uj, z, uj\ z') G J{fxo) with oui ^ ui'i, 
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Lemma 3.17. Let d Let U be a non-empty bounded open subset o/M'^. Let {fx}\^u be 

a family as in Setting {*). Suppose that {fx}\eu satisfies the strong transversality condition. 
Then for each Ai G U , for each e > 0, and for each u> 0, there exists 5 > such that if v 
is a Frostman measure on Bs{\i) with exponent u > 0, then 

HD( J(Ga)) > min{s(Ai), M - d + 2} - e 

for v-a.e. A e Bs{Xi). 

Proof. We may assume that Ai = Aq. Let s := min{s(Ao),'U — d + 2}. We repeat the proof 
of Lemma 3.10. The only change is that now we prove Jg^^^^j i?(A)(ii/(A) < oo by using 
Lemma 3.16. □ 

We now give an upper estimate of the Hausdorff dimension of the set of exceptional 
parameters. Note that if {fx = {fx,i,---,f\,m)}\eu is a family in Exp(m), then by 
Theorem 2.15, for each X e U, HD( J(G'a)) < s(A), where Gx := {fxi, ■ ■ ■ , fxm) and 
s{X):^S{fx). 

Theorem 3.18. Let d Let U be a non-empty bounded open subset ofW^. Let {fx}xeu be 

a family as in Setting (*). Suppose that {fx}xeu satisfies the strong transversality condition. 

If G is a subset of U , then for each ^ > 0, we have 

(3.6) HD({A e G : HD( J(G'a)) < min{^, s(A)}) < min{^, sup s{X)} + d-2. 

AeG 

Proof. We set K. := min{,^, sup^gc s{X)} -\-d — 2. By the countable stability of the Hausdorff 
dimension, it is enough to prove that for each n e N, 

(3.7) HD({A e G : HD(J(Ga)) < min{e, s(A)} - -}) < k. 

Fix n e M. In order to prove (3.7) it suffices to show that for each Ai e G there exists a 
5 — 5xi > ^ such that 

(3.8) HD({A e ^^(Ai) : HD( J(G'a)) < min{e, s(A)} - i}) < k. 

To prove (3.8), suppose that it is false. Then there exists Ai G G such that for each 5 > 0, 

(3.9) HD({A G BsiXi) : HD( J(G'a)) < min{^, siX)} - -}) > k. 

n 

Choose 5 > so small that the statement of Lemma 3.17 holds with e = ^ and |s(A) — 
s(Ai)| < ^ for each A G ^^(Ai) (by the continuity of s(A), see Theorem 2.16). Then, 

{A G ^^(Ai) : HD(J(G'a)) < min{e,s(A)} - -} 

C {A G BsiX^) : HD( J(G'a)) < min{e, s(Ai)} - i-} := E. 

Hence HD(ii^) > k. By Frostman's Lemma (see [7, Corollary 4.12]), there exists a Frostman 
measure v on the set E with exponent u — k. By Lemma 3.17, for i/-a.e. A we have 

HD(J(Ga)) > min{s(Ai),«;-(i + 2} - = min{s(Ai), min{^, sup s(A)}} - ^. 

Zn AeG 2n 
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This is a contradiction since for each X e E we have HD( J(G;^)) < min{^, s(Ai)} — ^ and 

min{^, s(Ai)} < min{s(Ai), min{,^, sup s(A)}}. 

AeG 

Thus we have proved Theorem 3.18. □ 

By continuity of s(A) (see Theorem 2.16, [41]), as an immediate consequence of Theo- 
rem 3.18, we get the following estimate for the local dimension of the exceptional set. 

Corollary 3.19. Let d eN. Let U be a non-empty bounded open subset ofW^. Let {fx}\eu 
be a family as in Setting (*). Suppose that {fx}xeu satisfies the strong transversality con- 
dition. Let > 0. Then, we have all of the following. 

(1) For each Ai G U, we have 

limHD({A e Br{Xi) : HD(J(Ga)) < min{^, s(A)}}) < min{^, s(Ai)} + d - 2. 

7 >0 

(2) If, in addition to the assumptions of our corollary, s(Ai) < 2, then 

lim HD({A e Br(Xi) : HD( J(Ga)) s{X)}) < d - (2 - s(Ai)) <d^ HD(C/). 

r— >-0 

We now give a sufficient condition for a holomorphic family {/A}Ae;7 to satisfy the strong 
transversality condition. 

Definition 3.20. Let U be an open subset ofC^. Let {f\}\£u = {{f\,i,---,fx,m)}xeu be 
a holomorphic family in Exp(m) over U. We set Gx := {fx,i, ■ ■ ■ , fx,m) for each X & U. 
Let Xq & U be a point. Suppose that for each X & U, there exists a homeomorphism 
hx ■ J{f\o) Jih) oftheformhx{uj,z) = {uj,hx(uj,z)) such thathx^ = Id\j{f^^), hxofxo = 
fx ° on J(/ao); and such that for each {uj,z) e J{fxo) the map {u!,z,X) i->- hx{uj,z) e 
C, {u, z, A) G J{fxo) X U, is continuous and the map A i— )■ hx{oo, z) is holomorphic. We say 
that the family {fx}x&j satisfies the analytic transversality condition (ATC) if the following 
hold. 

(a) J{Gx) C C for each XeU. 

(b) For each {u, z,u;' , z' , X) G J(/ao)^ x U, let g^^z^^>^z>{X) ■.^hx{uj,z)-hx{uj',z'). Then 
for each {ou, z,uj' , z' , X) G J{fxoY x U with gui,z,ui',z'{^) — and uji ^ uj[, we have 
Vx9.,.,.',A^) ^ 0, where ^x9.,.,.'A>) (%f^(A), ■ ■ ■ , %f^(A)). 

Proposition 3.21. Let U be a bounded open subset ofC^. Let {fx}xeu be a holomorphic 
family in Exp(m) over U. Suppose that {fx}xGU satisfies the analytic transversality condi- 
tion. Then for each non-empty, relative compact, open subset U' ofU, the family {fx}xeu' 
satisfies the strong transversality condition and the transversality condition. 

Proof. Let Aq G C/ and let hx and guj,z,oj',z'W be as in Definition 3.20. We set 

W := {{uj,z,uj',z',C) e Jiho? X U : guj,z,u,',z'{0 = and Ui ^ u;[}. 
For each XeU write A = (Ai, . . . , A^). Let {uj,z,uj',z'X) £ W. Then VA5'a;,2,a;',2'(C) 0- 
Without loss of generafity, we may assume that ^^"^'q^^'"' (C) 0- Then there exists a 
neighborhood Aq of (a;, a;', 2;'), a constant 5 > 0, and a constant ro > 0, such that 
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for each {x,y,x',y') e Aq and for each {X2,...,Xd) e -D25(C2) x ••• x D2s{Cd), setting 
9x,y,x',y'M,-,Xdi^i) 9x,y,x',y'{><i, ■ ■ ■ , for cach Ai G -D25(Ci), wc havc that 

(i) gx,y,x',y',X2,...,Xd injectivc on -D25(Ci), and 

(ii) there exists a function (Xx^y^x',y',X2,--,Xd ■ D2ro{0) D25{Ci) such that 

9x,y,x',y',X2,-,\d ° Oix,y,x',y',X2,...Xd = W On -D2ro(0)- 

We may assume that there exists a constant Cq > such that for each {x,y,x',y') e Aq, 
for each (A2, . . . ,Xd,z) G Y[j=2 ^2s{Cj) x -D2ro(0), and for each j = 2, . . . ,d, we have 

(3.10) I 

'^'x,y,x'y' ,X2,..;Xd(^)\ — ^0, and 
For every {x, y, x', y') G Aq and for every r G (0, Tq), 

(Ai,...,Ad)| < r} 

= {(Q;x,2/,a:'y,A2,...,A,(^), A2, . . . , Arf) : (A2, • • • , Arf) G JJ ^^(Ci), ^ ^ L'r-(O)} 

= '^x,yM\{D5{QxDM). 

J=2 

where ^x,y,x',j/'(A2, • • • , A^, := (aa;,j/,x'y,A2,...,Arf(2;), A2, . . . , A^). Let := 11^=2 -^<5(0) x 
L'r(O). Then there exists a constant Ci > such that for each r > 0, iVr(^r) < C'i(7)^^'^~^^- 
Let {Ejj^^S^^^ be a family of r-balls with A,. C Uf=i'^''^^i- By (3.10), there exists a 
constant C2 > such that for each {x,y,x',y') G Aq, for each r G (0,ro) and for each j G 
{1, . . . , A^r(74r)}, x,y,x',y'{Ej) is included in a C2r-ball. Therefore, there exists a constant 
C3 > such that for each {x,y,x',y') G and r G (0, ro), -/Vr(*x,j/,a;'2/'(^T-)) ^ Csr^"^*^. 
Hence, we obtain 

d 

Nr{{{Xi, . . . , Ad) G n MCj) ■■ \9x,y,x'A^i, ...,Xd)\<r})< Csr'-''. 

i=i 

Therefore, for each non-empty relative compact open subset U' of U, {fx}xeu satisfies the 
strong transversality condition and the transversality condition. □ 

Looking at Proposition 3.21 we sec that in order to obtain a sufficient condition for a 
holomorphic family {fx}xeu in Exp(m) to satisfy the strong transversality condition, it is 
important to calculate 2E^£^i^^jii1^ _ give now several methods of doing this. 

Lemma 3.22. Let U be a bounded open set in C. Let Xq G U. Let {/A}A6f7 = {/a,1) ■ ■ ■ , fx,m}xeu 
be a holomorphic family in Exp(m). For each X & U, let Gx,hx,hx be as in Setting (*). 



da 



'x,y,x ',y',X2,-,Xd 

dXi 



<Co. 
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Suppose that for each \&U, J{Gx) C C. Then for each {ou,z) e J{f\o), 
/g11^ dhx{uj,z) 1 dfx,u;^ifxo,coU_iiz)) 

(3.11) ^>^Ia=ao - 2^ ( aA 1^=^°^- 

n=l ^ ' 

Proof. Since fx°hx = hxo fxg, we have that for each A e t/ and for each (a;, 2;) e J{fxo)j 
fx,ujiQix{i^:Z)) = hx{a{uj) J Xo,oji{z))- Hence 

—^{hx{uj, z)) + fx,oj^rix[uj, z)) — = — . 

Therefore, 

dhx{uj,z) 1 / dfx,u;,{z) dhx{a{Lj),fxo,u;^{z)) 



(3.12) U=Ao- U=Ao+ |A=Ao 

Iterating this method, since the right hand side of (3.11) converges due to the expandingness 
of Gxo, we obtain equation (3.11). □ 

We remark that the calculation like (3.11) is a well-known technique in contracting IFSs 
with overlaps (e.g. [19]), though in Lemma 3.22 we deal with "expanding" semigroups in 
which each map may not be injectivc. 

We now provide several corollaries of Lemma 3.22. 

Corollary 3.23. Let {gi,...,g„i) G Exp(m). Let U be a bounded open subset of C Let 
Aq G U. For each X E U, let ax G Aut(C). We assume that the map C x U 3 (^, A) 
ax{z) & <C is holomorphic, and that a^o = Id. For each \ E U let 

fx:={gi,..., g„,^i, axog^o a^^). 

Suppose that {fx}x£U is a holomorphic family in Exp(m) which satisfies the Setting {*). 
Further, letting Gx, hx, hx be as in the Setting (*) assume that U 3 X*-^ hx{uj, z) is holomor- 
phic. Note that if U is small enough, then we do not need any extra hypotheses, namely, by 
Lemma 2.9 and Remark 3.4, {fx}xeu 'is automatically a holomorphic family in Exp(m) sat- 
isfying Setting {*), and the map U 3 X ^ hx{oo, z) is holomorphic. In any case we also extra 
assume that for each X G U , J{Gx) C C (see Remark 3.5). For eachcu = (wi, . . . ,a;„) G S^, 
let g^j = g^^ o ■ ■ • o g^_^. Then, we have all of the following. 

(1) For each {ixi,z) G J(/ao), 

dhx(u,z) 



dX 



00 



A=Ao n=l ^'^\n 



where 



_ jo 2/w„ = 1, . . . ,m - 1 

W)--1w . .w_ aaA(9.|„_i(^)) | ^ , 9"Ato.|„(.)) | ^fuj =m 

{gm\yw\r,-i{Z)){ Ia=Ao^ ^ dX Ia=Ao " 

(2) Let j ^ m, (3 — jm°° and 7 = mj°°. Then for each z & C with {(3, z) G J{fxo)) 



dhx(l3,z) 
dX 



^ 1 daxigjjz)) 
A=Ao 9j(') 9X 



A=Ao 
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and for each z e C with (7, z) e J{f, 



dhx{-f,z) 



dX 



dax{z) 



A=Ao 



A=Ao 



1 dax{gm{z)) 



dX 



A=Ao 



Proof. It is easy to see that 
(3 13) d{axg„,a^\z)) 



dX 



A=Ao 



-9M{ ^Ia=Ao) + - 



dX 



dX 



A=Ao' 



By Lemma 3.22 and (3.13), statement (1) holds. We now prove statement (2). By the 
uniqueness of the conjugacy map hx ([41, Theorem 4.9]), we have for each A close to Aq and 
for each j 7^ m, that hx{j°^,z) = z {z e Jj<^{fxo) = J{gj)) and hx{nf^,z) = ax{z) [z e 
Jm'>°{fxo) — J {9m))- Therefore, by (3.12) and (3.13), statement (2) holds. □ 

Corollary 3.24. Let {gi, . . . ,gm) G Exp(m) fl V^. Let U he a hounded open suhset of C 
with e U. Let Xq ^ e U. Let j eN with <j < deg{gm)- For each XeU, let 

fx (fl'i,- ■ ■ ,gm-i,gm + ><z^)- 

Assume that {fx}\eu is a holomorphic family in Exp(m) satisfying the Setting (*). Fur- 
ther, letting Gx, hx, hx he as in the Setting {*) suppose that the map U 3 X ^ hx{uj, z) 
is holomorphic. Note that if the open set U is small enough, then by Lemma 2.9 and Re- 
mark 3.4, {fx}xeu is automatically a holomorphic family in Exp(m) satisfying the Setting 
(*) and the map U 3 X hx{oj,z) is holomorphic. For each cu = {cui, . . .cUn) G S^, let 
gw = gojn ° • ■ ■ ° 9ooi- Then, for each (cu, z) G J{fxo), 

dhxioj, z 



dX 



A=Ao 



„=i 9uj\„\^) 



where 



(5^|n-i(^)y if^n 



IJ UJn m 



m 



□ 



Proof. The proof follows immediately from Lemma 3.22. 

Corollary 3.25. Let [gi, . . . , gm) G Exp(m) fl P™. Let U he a hounded open suhset of C 
with e [/. Let Ao = e U. For each XeU, let 

fx := {gi, gm-i, gm + Xg'^). 

Assume that {fxjxeu is a holomorphic family in Exp(m) satisfying the Setting (*). Further, 
letting Gx,hx,hx be as in Setting {*) suppose that X 1— )■ hx{uj,z) is holomorphic. Note 
that if the open set U is small enough, then by Lemma 2.9 and Remark 3.4, {fx}xeu is 
automatically a holomorphic family in Exp(m) satisfying Setting (*) and the map U 3 X^ 
hx{uj, z) is holomorphic. For each uj — {oui, . . .oUn) e E^, let g^ — gu>„ o • • • o g^^. Then, for 
each {uj,z) e J{fxo), 

dhx{u,z) ^ ^ 1 

A=Ao n=l3'uj\S^) 



dX 
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where 

[0 ifUn / m. 

Proof. By Lemma 3.22, our Corollary holds. □ 

Lemma 3.26. Let U be a bounded open set in C^. Let Aq G U. Let {f\}\eu = {/a,i, • • • , f\,m}xeu 
be a holomorphic family in Exp(m) satisfying Setting (*). Letting Gx, hx, hx be as in Setting 
(*) we suppose that U 3 hx{uj, z) is holomorphic. Note that ifU is small enough, then 

by Lemma 2.9 and Remark 3.4, {f\}\eu is automatically a holomorphic family in Exp(m) 
satisfying Setting (*) and A i— ?> hx{i^,z) is holomorphic. Suppose that for each A e C/, 
J{Gx) C C. We also require all of the following conditions to hold. 

(i) For each {i,j) with i j and fxo,iiJiGx^,))^\fx^^J{J{Gxo)) 7^ 0, there exists a number 
aij e {1, . . . ,m} such that fxoAfxoMiGx,)) n fx,]j{J{Gxo))) C J(/Ao,a„). 

(ii) Ifi,j, k are mutually distinct elements in {1, . . . ,m}, then 

hoMxoMiGxo)) n /a"o!,('/(Gao))) c F{Gx,). 

(iii) For each {j,k) with j ^ k, fxoAJif^oj)) ^ F{Gxo)- 

(iv) Ift^j and if z e fx^li{J{Gxo)) n fxo]j{J{Gxo)) (note: for such z, by (i)- (iii) we 
have z e Jiaf-{fxo) n Jja-fifxo)), then 

'■J J '' 

Va(^a(^<,^) - /^a(j<,^))|a=Ao ^ 0. 

Then, there exists an open neighborhood Uq of Aq in U such that {fx}xi^Uo satisfies the 
analytic transversality condition, strong transversality condition and the transversality con- 
dition. 

Proof. By conditions (i),(ii), (iii), Lemma 2.10 and Remark 2.3(1), we obtain that 
{{u,z,J,z') e J{fxof ■ ^1 7^ io[,ho{u,z) -ho{u;',z') = 0} 

(3-14) c U {(i<, ^, j<, z') e J{f\r :z^z'e fx,'M{Gxo)) n fxUJ(Gxo))}. 

From (3.14) and condition (iv), we conclude that there exists an open neighborhood Uq of Aq 
in U such that {fx}x&Uo satisfies the analytic transversality condition. By Proposition 3.21, 
shrinking Uq if necessary, it follows that {/A}Ae!7o satisfies the strong transversality condition 
and the transversality condition. □ 

Lemma 3.27. Let di,d2 G N with di < ^2- Let U be a bounded open subset 0/ and 
let V be a bounded open subset of C^^. Let {fxjxeu be a holomorphic family in Exp(m) 
over U with base point Aq satisfying the analytic transversality condition. Let {sf-yj^ev 
be a holomorphic family in Exp(m) over V and let 70 G V. Suppose that there exists a 
holomorphic embedding r] : U ^ V with r){Xo) = 70 such that gr,{x) = fx for each A G C/. 
Then there exists an open neighborhood W of jo in V such that {g^}^£w is a holomorphic 
family in Exp(m) over W with base point 70 satisfying the analytic transversality condition, 
the strong transversality condition, and the transversality condition. 
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Proof. By Remark 3.4, there exists an open neighborhood W of 70 in V such that {g-yy-yew 
satisfies Setting (*) and letting h^, hy be as in Setting (*), for each {ou, z) e J{g-yo) the map 

W 3 7 1-^ h^iuj, z) is holomorphic. Let h\{uj, z) = {cu, h)^{uj, z)) be the conjugacy map as in 
the Setting (*) for the family {f\}xeu- Then shrinking U if necessary, by the uniqueness of 
the family of conjugacy maps (see Remark 3.4), we obtain = for each \ E U. Since 
{f\}\eu satisfies the analytic transversality condition, shrinking W if necessary, it follows 
that {g'-yl-yew^ satisfies the analytic transversality condition. By Proposition 3.21, shrinking 
W if necessary again, we obtain that {g-yy-yew satisfies the strong transversality condition 
and the transversality condition. □ 

Remark 3.28. By Lemma 3.22, Corollaries 3.23, 3.24,3.25, Lemmas 3.26, 3.27, and 
Proposition 3.21, we can obtain many examples of holomorphic families {fxjxeu in Exp(m) 
satisfying the analytic transversality conditions, the strong transversality condition and the 
transversality condition. In the following section we provide many examples of the holo- 
morphic families satisfying the analytic transversality condition. 

4. Applications and Examples 

In this section, we apply the results of the previous one to describe various examples and 
to solve a variety of emerging problems. For a polynomial g &V, we set 

K{g) -.^{z eC: {c/"(^)}neN is bounded in C}. 

Theorem 4.1. Let {di, ^2) £ be such that di, 0^2 > 2 and {di, 0^2) 7^ (2, 2). Let h = ue"-^ e 
{0 < \z\ < 1}, where < u < 1 and 9 G [0, 27r). Let a e [0, 27r) he a real number such that 

there exists an integer n G Z with d2{'n' + 6) + a = 9 + 2mi. Let (5i{z) = z'^^ . For each t > 0, 
let gt{z) = te^"'{z — bY'^ + b. Then there exists a point ti G (0, 00) and an open neighborhood 
U of in C such that the family {f\ = {/3i,gt^ + \g^J}\QU with Aq = satisfies all the 
conditions (i)-(iv). 

(i) {fx}x&u is a holomorphic family in Epb(2) satisfying the analytic transversality 

condition, strong transversality condition and the transversality condition. 

(ii) For each A G f/, s(A) < 2, where we recall that s{X) = S{fx). 

(iii) There exists a subset fl of U with B.D{U \fl)< BD{U) = 2 such that for each 

\en, 

1 < < HD(J(G.)) = .(A) < 2. 

(iv) /(Gao) is connected and HD(J(Ga())) = s(Ao) < 2. Moreover, G^o satisfies the open 
set condition. Furthermore, for eacht G (0,ti), {f3i,gt) satisfies the separating open 
set condition, f3i'^{J{{(3i, gt)))r\g^'^{J{{f3i, gt))) = 0, J{{Pi-,gt)) is disconnected, and 

1 < J"g(^; +;^^) < HD(J((A,^,))) = 5{^,g,) < 2. 

Moreover, there exists an open connected neighborhood Y of (/3i,5'tJ in such that the 
family {7 = (7i,72)}-Yey satisfies all the conditions (v)-(vin). 

(v) {7 = (71, 72)}-yey is a holomorphic family in Epb(2) satisfying the analytic transver- 
sality condition, strong transversality condition and the transversality condition. 
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(vi) For each 7 G 5(7) < 2, 

(vii) There exists a subset V ofY with HD(y \ T) < HD(y) = 2(di + ^2 + 2) suc/i t/iat 
/or eac/i A e F, 

(viii) For eac/i neighborhood V of «n 1^ t/iere exists a non-empty open set W in 
V such that for each 7 = (71,72) £ W , ^((71,72)) is connected. 

Proof. Let 2:0 e {|2;| = 1} = J {Pi) be a point such that j^^o — 6| = ^'^VzeJ{Pi) \^ ~ Then 
= e^(^+^). Let V := |^o-&| = l + l&l- Let := 2b-ZQ. Then e : = v}\J{pi). 

We note that 

(4.1) 5'(i)d2-i(2;o) = 2^1. 

Let r e (1 - li, 1). Then i:)(6, r) C int(i^(^i)). We also note that for each t > 0, 

(4.2) gi\D{b,r)) = D{b,{r/t)^2). 
Let i? e M be any real number such that 

(4.3) i?>exp(-— \ -(-rfilogr + diC?2log2) 

\CLia2 — Ul — 02 

We take R satisfying (4.3) so large that 



(4.4) 



D (^b, ^R^^ C f3^\Dib, R)) C D (^b, ^R^^ CC D(6, R), 



where A CC -B denotes that A is included in a compact subset of B. Let qr — 1/R^^ ^. 
By (4.3), we obtain 

1 

(r \ d 'z 1 

We remark that 

(4.6) J{ga,) = {z:\z-b\ = (l/a«)^} = {z : \z - b\ = R}. 
We take a large R so that 

(4.7) D(b,lR^] DX(^i). 



2 

Then by (4.7), (4.4), (4.5), (4.2) and (4.6), we get that 

K{P^) C D (^b, ^R^^ CC D (^b, ^R^^ C /3r'(^(^aJ) C D (^b, ^i?^^ 

^^■^^ CC £>(&, (r/a«)i) = ^„-,^(i?(6,r)) C ^„-i(i^(A)) 

CC int(X(^„^)). 



26 



HIROKI SUMI AND MARIUSZ URBANSKI 



Since the function i? i-> is continuous and lim^^+oo = 0, it follows from (4.8) that 

tl := sup {t e [0, :Vc G {0,t),K{f3,) C int(/3ri(ir ((?,))) 

CC int(5;i(ir(/3i))) CC mt{K{g,))} > 0. 

By the definition of ti, we get that 

(4.10) K{^,) C ^^\K{gtJ) C 9T,\K{P,)) C i^(y,J. 
Therefore, by (2.2), 

(4.11) P*(Wi,gt)) C X(A) for each i e (0,ii]. 
In addition, for each t e (0, ii), 

(4.12) /3T\K{gt) \ int(X(/3i))) U ^.-'(^(^t) \ mt(i^(^i))) C K{gt) \ mt{K{/3^)). 

In particular, for each t e (0, ti), the multimap {/3i,gt) satisfies the separating open set 
condition with At := mt{K{gt))\K{Pi). Moreover, by (4.12), (1.1) and [11, Corollary 3.2], 
for each t G (0,ti), the Julia set J{{Pi.gt)) is disconnected. Furthermore, by the definition 
(4.9) of tl, for each t e (0,ti), we have that gt{K{/3i)) C int(ir(/3i)). Therefore, by (2.2), 
for every t e (0,ti), P*{{Pi,gt)) C mt{K{P^)) C F{{/3i,gt)). Thus for each t e (0,ti), 
{Pi,gt) e Epb(2). Since {/3i,gt) satisfies the open set condition, [28, Theorem 1.2] implies 
that for every t G (0,ti), HD( J((/3i, c/t))) = S{Pi,gt). Moreover, by (4.12), [11, Corollary 
3.2], and (1.1), ^((/3i, gt)) is a proper subset of At for each t G (0, ti). Thus by [29, Theorem 
1.25], RB{J{{(3i,gt))) < 2 for each t G (0,ti). 

We now prove the following claim. 
Claim 1: We have ti < ■:;^dt=T- particular, J{/3i) fl J{gti) — 0- 

In order to prove this claim, suppose on the contrary that ti = -37^- Then J{gti) = 
{z:\z-b\= v} and zq G J(/3i) n J{gt,). By (4.10), gtAKWi)) C Ki^i). Hence gt.izo) G 
i^(/9i) n J{gti)- Since 5'ti(-2o) = -2i ^ J{Pi)-i we obtain J{gti) H int(i^(/9i)) 7^ 0. However, 
since K{/3i) C K{gt^) (see (4.10)), we obtain a contradiction. Thus, we have proved Claim 
1. 

We now prove the following claim. 
Claim 2: We have K{f3i) C mt{f3^\K{gt,))) and g^^\K{Pi)) C int(i\:(^tj). In particular, 
K{/3,) C int(<7,-^(i^(/3i)) and gt,{K{f3i)) C int(i^(/3i)). 

To prove Claim 2, suppose J(^i) n Pr^iJ{gtJ) 7^ 0- Then J(^i) n J(5tJ 0, and this 
contradicts Claim 1. Similarly, we must have that gt^{J{Pi)) n J{gti) — 0- Therefore, we 
have proved Claim 2. 

Since gt^{K{(5i)) C int(A:(/3i)) (Claim 2), from (2.2) it is easy to see that P*{{(5i,gt^)) C 
mi{K{(5i)) C F{{l3i, gt-^)). Therefore, (/3i,5'tJ G Epb(2). We now prove the following claim. 

Claims: ^^\j{gt,)) ^ gr,\J{^^i)). 

To prove Claim 3, let cpi be Green's function on C\K{/3i) (with pole at infinity) and (p2 be 
Green's function on C\i^(git J. Then </?i (2;) =log|2;| and (p2{z) = log + logii+0(|^). 
Note that since J (Pi) C mt{K{gt^)) (Claim 2), we have ^^log^i < 0. It is easy to see 
that Green's function (ps on C \ g^^^{K{/3i)) satisfies ip3{z) — ^{<fi{gti{z))) — '^og\z\ + 
^log^i + O(-m-). Similarly, Green's function (/74 on C \ /3^^{K{gt^)) satisfies (p4{z) — 
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i^V2{Mz)) = log 1^1 + \ogh + O(^). Therefore, if ^^\J{9t,)) = g;,\J{^)), then 

^ log^i = logti- Since (di, ^2) 7^ (2, 2), we obtain log^i = 0. However, this contra- 

dicts log^i < 0. Thus we have proved Claim 3. 

Let A := mt{K{gt-^))\K{l3i). By (4.10) and Claim 2, A is a non-empty open set in C and 
/3];^{A) U gr^^{A) C A and /3^^{A) n g^^^{A) = 0. Hence {/3i,gt,) satisfies the open set con- 
dition with A. Combining it with the expandingness of [28, Theorem 1.2] implies 
that HD(J((/3i,fi(tJ)) = S{l3i,gtJ. Moreover, by Claim 3, we have that Pi^(A) U gt,^(A) 
is a proper subset of A. Therefore by [11, Corollary 3.2] and (1.1), J{{Pi,gt-^)) is a proper 
subset of A. Combining it with the expandingness of {Pi,gti) again, [29, Theorem 1.25], we 
obtain HD( J((/3i, ^t,))) < 2. Hence, 6{f3i,gt,) = HD( J((/3i, c/t^))) < 2. By Lemma 2.12 and 
Theorem 2.16, there exists an open neighborhood Yq of {(3i,gt^) in such that for each 
7 = (71,72) eYo,je Epb(2) and ^(7) < 2. 

We now consider the holomorphic family {fx}\eu in Epb(2), where [/ is a small open 
neighborhood of 0. Let Aq = 0. Let Gx,h\,hx be as in the Setting (*) (see Remark 3.4). 
By (4.10) and Claim 2, it is easy to see that {fx}\eu satisfies conditions (i),(ii),(iii) in 
Lemma 3.26 with ai2 = 2,^21 = 1- Let z e fx,]iiJiGx,)) n /^^^^(G'ao)) = /3i\JigtJ) n 
g;^\j{Pi)). Then by Corollary 3.25, 
(4.13) 

d(hx(21^,z)-hx{12^,z)) 



dX 



^ (5r'°/5i)'(^) (^r o /30'(^) 



Since En=2 I {g---o^,y{z) I " ^"=2 K^jf^mW^^ ^ ^"=2 lq=^dA^ < ^' ^^^^^"^^ 

9(^a(21°°,^)-:^a(12°°,^)) i , „ 

ax ''='° ^ °- 

Therefore, by Lemma 3.26, shrinking U if necessary, we obtain that {f\}\<^u satisfies the 
analytic transversality condition. By Proposition 3.21, shrinking U again, {f\}\^u satisfies 
the strong transversality condition and the transversality condition. Since 5(/3i,(y'tJ — 
s(Ao) < 2 and A 1— ?> s(A) is continuous, shrinking U if necessary, we obtain that for each 
A G f/, s(A) < 2. Therefore, by Theorems 3.18 and 2.15, there exists a subset Vt oiU with 
HD(t/ \n)< HD([/) = 2 such that for each A G 1^, HD( J(Ga)) = s(A) < 2. 
By the definition of ti, we have /3^^{J{gt-^)) fl gt^{J{(ii)) 7^ 0- In particular, 

/3r'(^((/3i,^?*.))n<7,-i(J((/3i,^7t,)))^0. 

Combining this with the fact that the semigroup {Pi^gt^) is postcritically bounded, [35, 
Theorem 1.7] implies that the Julia set J{{(3i,gti)) = •^('-^Ao) is connected. Since {f\}xeu 
satisfies the analytic transversality condition, shrinking Yq if necessary, we obtain that 
{7 — (71, 72)176^0 satisfies the analytic transversality condition. Shrinking Yq again, by 
Proposition 3.21, {7 = (71, 72)}-^gyo satisfies the strong transversality condition and the 
transversality condition. Since 5(7) < 2 for each 7 G Yq, Theorems 3.18, 2.15 and 2.16 imply 
that there exists a subset P of Yq with HD(Fo \ T) < HD(Fo) = 2(cii + d2 + 2) such that for 
each 7 = (71,72) G P, HD(J((7i,72))) = ^(7) < 2. Let cq G P^\Jigt,)) n gi^\Ji/3^)). Let 
wq — /5i(co) G J{gti)- There exists an open neighborhood Yi of gt^ in V and a holomorphic 
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map C : ^1 — >■ C such that C(fi'ti) = f^o and C(72) G J (72) for each 72 G Fi. Let ^ be a well- 
defined inverse branch of ^1 defined on a neighborhood Dq of wq in C such that ^(wo) = cq. 
Let 77(72) := 72 ° ° C(72)! which is defined on an open neighborhood Bq of gt^^ in Yi. 
Then rj is holomorphic on i?o. Moreover, rj^gt^) G J {Pi)- Furthermore, by the definition of 
ti, for each t close to ti with t < ti, we have r]{gt) ^ J{(3i)- Hence rj is not constant on 
Bq. Therefore, for each neighborhood V of (/5i,5'tJ in Yq, there exists an element 72 with 
(^1,72) e y such that 77(72) G C \ i^(/5i). In particular, 

(4.14) /3r^(J(72))n72-^(C\ir(A)) 7^0. 

Moreover, by (4.10) and Claim 3, /3^\J{gtJ) n mt{gt^\K{/3i))) ^ 0. Therefore, we may 
assume that 

(4.15) Pi\Jm) n int(72 '(i^(/3i))) ^ 0. 

By (4.14) and (4.15), there exists an open neighborhood W of (/3i,72) ^0 such that for 
each {1^1,1^2) e W, 

^r'(^(^2))n^2"'(^(^i))7^0- 

In particular, 

A-'(J((V^i,V^2))) n7A2-^(J((7Ai,7A2))) ^ 0. 

Combining this with the fact that the semigroup {ipi,il'2) is postcritically bounded, [35, 
Theorem 1.7] implies that the Juha set J((V'i,V'2)) is connected for each (■01, ■02) £ W^- 

Finally, we remark that by [43, Theorem 3.15], for any (71,72) G Epb(2) with deg(7i) = 
di, deg(72) — d2, if 7i(^) = -s"^^ and 72(^) — a{z — + b with 6 7^ 0, then we have 

K J"gq + ^^) <^(^„^2). 
E.tid^log(dO 

Thus we have proved Theorem 4.1. □ 

For the figure of the Julia set of the 2-generator polynomial semigroup G^o with {di, 0^2) = 
(3, 2), = 0.1, see see Figure 1. For the relation between Theorem 4.1 and random complex 
dynamics, see Remark 1.5. 

We now fix a complex number a as required in the proposition below and we consider a 
family of small perturbations of the multimap {z'^,az'^). In the following we will see that 
for a typical value of the perturbation parameter, the 2-dimensional Lebesgue measure of 
the Julia set of the corresponding semigroup is positive. 

Proposition 4.2. Let A :^ {a e C : \a\ ^ 0, 1, and \2 + a + l\ ^ A}. Let a e A be a 
point. For each b & C, let fb,iiz) '■— az"^ (independent of b) and fb,2{z) '■— {z — 6)^ + 6 and 

let fb := {fb,i, fb,2) £ 'P^- For each b E C, let :— {fb,i,fb,2)- Then there exists an open 
neighborhood U of in C such that {fb}beu is a holomorphic family in Exp(2) satisfying 
Setting {*) with base point and all of the following hold. 

(1) The family {fb}beu satisfies the analytic transversality condition, strong transver- 
sality condition and the transversality condition. 

(2) ForLeb2-a.e. beU, heh2{J{Gb)) > 0. 
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(3) For each b & U, let hf, be the conjugacy map of the form hi,{uj, z) — {uj, hb{uj, z)) 
between /o : J{fo) ~^ J{fo) o-i^d fb : J{fb) ~^ J{fb) Setting (*). Let fj, be 

the s{0)-conformal measure on J(/o) for /q. Then for Leb2-a.e. b E U, the Borel 
probability measure {hb)*{iJ,) on J{Gb) is absolutely continuous with respect to Leb2 
with density. 

Proof. It is easy to sec that P*{Go) = {0}. Therefore /q G Epb(2). By Lemma 2.12, there 
exists an open neighborhood ^7 of such that for each b & U , fb & Epb(2). By Remark 3.4, 
shrinking U if necessary, for each b & U, there exists a unique conjugacy map hb of the 
form hb{u,z) = {uj,hb{uj,z)) between /o : J(/o) -> J(/o) and f, : J{fb\^ J{fb) as in 
Setting (*), and b i— ;> hb{uj,z),b G U, is holomorphic for each {uj,z) G J{fo)- It is easy to 
see that J(G'o) is equal to the closed annulus between J(/o,i) = {z & C : \z\ = l/|a|} and 
J{fo,2) = {-2 G C : 1^1 = 1}, and that 

foMGo)) n f,-^{J{Go)) = {zeC:\z\ = \a\-'^} = f^MM) = foMki))- 
Therefore, 

{{uj,z,uj\z') e J{foy : ui uj[,ho{u 

(4.16) 

C {(12°°,z,21^,z') : z^ z' e {w eC: 
By Corollary 3.23, for each z e {w E C : \w\ — \a\~^}, 

d(hbi21^,z)-hbil2'^,z)) 



-ho 
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Yz ~ 
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\a\^' 



0} 



9b 6=0 

Since a G A, it is easy to see that for each z G G C : 1^1 = 1 ~ ^ ~ 2za ^• 

Therefore, for each 2; G {w G C : |w| = |a|~^}, 

d{hb{2l^,z)-hb{l2°^,z)) 
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Combining this with (4.16), and shrinking U if necessary, we obtain that the family {fb}b&u 
satisfies the analytic transversality condition. By Proposition 3.21, shrinking U if neces- 
sary, the family {fb}beu satisfies the strong transversality condition and the transversality 
condition. By [43, Corollary 3.19], for each b & U\ {0}, s{b) > 2. Hence, by Theorem 3.12, 
statements (2) and (3) of our proposition hold. Thus, we have proved our proposition. □ 

Theorem 4.3. Let a G C with \a\ > 1. For each A G C, let fx,i{z) := az"^ (independent of 
X) and fx,2{z) := z^ + X and let fx := (/a,i, /a,2) e V^. For eachX G C, let Gx := (/a,i, fxa)- 
Then there exists an open neighborhood U of in C such that {fx}xeu is a holomorphic 
family in Exp(2) satisfying Setting (*) with base point and all of the following hold. 

(1) The family {fx}\eu satisfies the analytic transversality condition, strong transver- 
sality condition and the transversality condition. 

(2) For Leb2-a.e. XeU, Leb2(J(G'A)) > 0. 

(3) For each A G C/, let hx be the conjugacy map of the form hx{uj,z) = {u, hx{uj,z)) 
between fo : J{fo) — >■ J{fo) o-nd fx J{fx) J{fx) ^.^ Setting (*) (with Xq — 0). 
Let II be the s{0)-conformal measure on J(/o) for fo. Then for Leb2-a.e. A G C/, the 
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Borel probability measure {h\)*{ii) on J{G\) is absolutely continuous with respect 
to Leb2 with density. 

Proof. It is easy to see that P*(Go) = {0} C F{Go). Therefore /o e Epb(2). By Lemma 2.12, 
there exists an open neighborhood C/ of such that for each X ^ U, fx & Epb(2). By Re- 
mark 3.4, shrinking U if necessary, for each X E U, there exists a unique conjugacy map 
hx of the form hx{uj,z) = {uj,hx{uj,z)) between /o : J(/o) J(/o) and fx : J{fx) J{f\) 
as in Setting (*) with Aq = 0, and A i->- hx{io,z) is holomorphic. It is easy to see that 
J(Go) is equal to the closed annulus between J(/o,i) — {z E £, : \z\ — l/|a|} and 



^(/0,2 

lot 



{z E C 



1}, and that f^,l{J{Go)) n f^,l{J{Go)) = {z 
} = fo,lWo,2)) = /o:2(^(/o,i))- Therefore, 

{{oj, z, u', z) e Jifof ■ oJi 7^ oj'i, ho{uj, z) - ho{uj', z') = 0} 

C {(12°^, z, 21~, z') : z = z' e {w eC: \w\ = \a\-^}. 

By Corollary 3.24, we obtain that for each z G J2i°°(/o) = {w E C : \w\ = \a 



e C 
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and for each z G Ji2°°(/o) — {w E C : \w\ — \a\ 2}, 
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Combining it with (4.17), and shrinking U if necessary, we obtain that the family {fx}\eu 
satisfies the analytic transversality condition. By Proposition 3.21, shrinking U if neces- 
sary, the family {fx}\eu satisfies the strong transversality condition and the transversality 
condition. By [43, Corollary 3.19], for each A G U\{0}, s(A) > 2. Hence, by Theorem 3.12, 
statements (2) and (3) of our theorem hold. Thus, we have proved our theorem. 

Corollary 4.4. Let a G C with \a\ > 1. Let V be an open subset 0/ C. Let Aq G V. Let 

{fx — {fx,i,fx,2)}xGV be a holomorphic family in Exp(2) flP^. Suppose that there exists an 
open neighborhood W of in C and a holomorphic embedding r] : W ^ V with ri{0) = Aq 
such that for each c G W, fr,{c){z) = {az'^, z"^ + c). Then there exists an open neighborhood 
U of Aq in V such that {fx}xeu is a holomorphic family in Exp(2) satisfying Setting (*) 
with base point Aq and all of the following hold. 
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(1) The family {f\}x^u satisfies the analytic transversality condition, strong transver- 

sality condition and the transversality condition. 

(2) ForLebsd-a.e. \eU, Leb2(J(G'A)) > 0. 

(3) For each \ E U, let hx be the conjugacy map of the form hx{uj,z) = {u , hxioj , z)) 
between fxo ■ J{fxo) J{ho) fx ■ Jifx) Jifx) as in Setting (*). Let n be 
the s{0)-conformal measure on J{fxo) fof fxo- Then for Leb2(i-a.e. X & U, the Borel 
probability measure {hx)*{n) on J{Gx) is absolutely continuous with respect to Leb2 
with LP' density. 

Proof. By Theorem 4.3, there exists an open neighborhood Wi of in C such that {{az^, 
c)}ceWi is a holomorphic family in Epb(2) satisfying the analytic transversality condition. 
Hence, by Lemma 3.27, there exists an open disk neighborhood U of Aq in such that 
{fx}xeu is a holomorphic family in Epb(2) satisfying the analytic transversality condition, 
the strong transversality condition and the transversality condition. For each A e C/, we 
set *(A) = /a e Epb(2) n Vj. By [43, Corollary 3.19], 

{g = (^1, 92) e Epb(2) n vl 5ig) < 2} 

= {(ai(z - bf + 6, a2{z - bf + b) : ai,a2 e C\ {0}, b E C}. 

Let A := {{ai{z-by + b,a2{z-by + b) : olx.ol^ G C\{0},6 e C}. Then A is a holomorphic 
subvariety of Exp(2)nP|. Hence is a proper holomorphic subvaricty of f/. Therefore 

Leb2d({A G U : s(A) < 2}) = 0. Thus, by Theorem 3.12, statements (2) and (3) of our 
corollary hold. □ 

From Corollary 4.4 we immediately obtain the following. 

Corollary 4.5. For each a G C with \a\ ^ 0, 1, there exists an open neighborhood Ya 
of {az^jz"^) in such that {g = {gi, g2)}geYa is a holomorphic family in Epb(2) n Vl 
satisfying the analytic transversality condition, the strong transversality condition and the 
transversality condition and for a.e. g — {gi,g2) G Fa with respect to the Lebesgue measure 
onVi, Leb2(J((^i,^2))) >0. 

Rerticirk 4.6. For an a E C with \a\ ^ 0,1, J{{az^,z'^)) is equal to the closed annulus 
between {wE'C:\w\ = 1} and {w G C : = |a|^^}, thus int( J((az^, 2;^))) 7^ 0. However, 
regarding Corollary 4-5, it is an open problem to determine for any other parameter value 
{91,92) G Ya with Leh2{J{{gi,g2))) > 0, whether mt{J{{gi, g2))) = % or not. (By [32, 
Theorem 2.15], at least we know that for each (71,72) G Y^, ^((71,72)) is connected.) Let 
a G (0, 1) C M. It is easy to see that for a small e > 0, setting gi,e{z) = a{z + e)^ — e 
and g2{z) = , we have J{gi^e) = {w E C : \w + e\ = a'^}, J{g2) = {z E C : \w\ = 1}, 
^2|[i>o}(«'^-e) < 5i,e|{i>o}(l) «"^52|{i>o}([l,«"^-e])n5i,6|{i>o}([l,a-i-e]) C [l,a-^~e]. 
Thus for each n eN with n >3 there exists a small neighborhood Vn of the above {gi,t, 92) 
in Ya such that for each (71,72) G V , ^((71, 72)) has at least n connected components and 
J{.{liil2)) is not a closed annulus. Since e > can be taken arbitrary small, we can deduce 
that for any a G M with a > 0,a ^ 1, for each neighborhood W of [az^^z"^) in Ya and 
for each n G N with n > 3, there exists a non-empty open subset Wn of W such that for 
each (71,72) G Wn, -^((71,72)) has at least n connected components and J((7i,72)) is not 
a closed annulus. A similar argument shows that for any a G C with \a\ ^ 0, 1, for each 
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neighborhood W of {az'^, z^) in Ya there exists a non-empty open subset WofW such that 
for each (71,72) G W , ^((71,72)) has at least three connected components and ^((71,72)) 
is not a closed annulus. 

We now consider families of systems of affine maps. 

Remcirk 4.7. Let m > 2. For each j = 1,. . . ,m, let gj{z) = ajz + bj, where aj,bj e 
C, 1%! > 1. Let G — (gi, . . . , gjn)- Since \aj\ > 1, 00 e F{G). Hence, by (1.1), J{G) is 

a compact subset of C which satisfies J{G) = [J^^i gJ^{J{G)). Since g~^ is a contracting 
similitude on C. it follows that J{G) is equal to the self-similar set constructed by the family 
{gi^, . . . ,gm^} of contracting similitudes. For the definition of self- similar sets, see [7, 12]. 
Note that S{gi, . . . , gm) is equal to the unique solution of the equation J2iLi = 1, ^ > 
0. Thus S{gi, . . . , gm) is the similarity dimension of {gi^, ■ ■ ■ , g^^}. Conversely, any self- 
similar set constructed by a finite family {hi, . . . , /i^} of contracting similitudes on C is 
equal to the Julia set of the rational semigroup {h^^, . . . , h^). 

Theorem 4.8. Let m G N with m > 2. For each i = 1, . . . ,m, let gi{z) = aiZ + b^, where 
ai G C, \ai\ > 1, 6j G C. Let G := {gi, . . . ,gm). We suppose all of the following conditions. 

(i) For each {i,j) with i j and g^^{J{G)) H gJ^{J{G)) ^ 0, there exists a number 
aij G {1, . . . , m} such that 

g,{gr\j{G))ngr\j{G))) C {^^}- 

(ii) If i,j, k are mutually distinct elements in {1, ... , m}, then 

g,{gr\j{G))ng-\J{G)))(lF{G). 

(iii) For each (j, k) with j ^ k, g^ e F{G). 

Then, there exists an open neighborhood U of {gi, . . . ,gm) G (Aut(C))™' such that {7 = 
(71, . . . ,7rre)}7ei7 « holomorphic family in Exp(m) satisfying the analytic transversality 
condition, strong transversality condition and the transversality condition. 

Proof. We first note that for each j, J{gj) = {-^-Zi}- By conditions (i) and (iii), aij 7^ i 
for each {i,j) with i ^ j. By Lemma 2.9 and Remark 3.4, there exists a small open 
neighborhood U of {gi, . . . , gm) in (Aut(C))"* such that {'y}j^u is a holomorphic family in 
Exp(m) satisfying Setting (*) with base point 70 = (5^1, . . . , gm) and letting h^, h^, G^ be as 
in Setting (*), the map 7 i-)- h^{uj,z),j G U, is holomorphic. We shall prove the following 
claim. 

Claim 1: If i 7^ j and zo G g;\j{G)) n gj\j{G)), then 
(4.18) V^(hj(ia°°, zo) - hj(ja'^, ^o))l7=7o 7^ 0- 

In order to prove Claim 1, let i ^ j and zo G gl^{J{G)) fl g~^{J{G)). To show (4.18), 
by conjugating G by a map z ^ z — ^-rj-, we may assume that bi — 0. Let y be a small 
open neighborhood of in C and let A :— {{gi, . . . gi-i, gi + Az, gi+i, . . . , gm)}\ev. For this 
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holomorphic family in Exp(m), let h\,li)^ be the conjugating maps as in Setting (*) with 
base point Aq = 0. By Corollary 3.24 and that hi — 0, we have 



dhl{ia^,zo) 



dX 



and - 



A=0 

Since aij ^ i, we have Zq 0. Therefore, 



dX 



= 0. 

A=0 



A=0 



dX 



=0 



Thus, we have proved Claim 1. From this claim and from Lemma 3.26, shrinking U if 
necessary, we obtain that {jj-yeu satisfies the analytic transversality condition, the strong 
transversality condition and the transversality condition. Thus we have proved Theo- 
rem 4.8. □ 

We give some examples to which we can apply Theorem 4.8. It seems true that those 
examples have not been dealt with explicitly in any literatures of contracting IFSs with 
overlaps. 

Example 4.9. Let gi{z) = 2z and g2iz) = 2z - 1. Let G = {91,92)- Then J{G) = [0, 1]. It 
is easy to see that {91,92) satisfies the assumptions of Theorem 4-8. Moreover, 6(91,92) = 
HD(J(G)) = 1 < 2. By Theorems 4-8, 3.18 and 2.15, there exists an open neighborhood U 
of {91,92) m (Aut(C))2 and a subset A of U with HD(t/ \A) < HD(t/) = 4 such that (1) 
{7 — (7i)72)}76!7 is a holomorphic family in Exp(2) satisfying the analytic transversality 
condition, the strong transversality condition and the transversality condition, and (2) for 
each 7 = (71,72) e A, HD( J((7i, 72))) = (^(71, 72) < 2. 

Example 4.10. Let pi,p2,pz E C be such that P1P2P3 makes an equilateral triangle. For 
each i = 1,2,3, let gi{z) = 2{z — Pi) + Pi- Let G = {gi,g2,93)- Then J{G) is equal to 
the Sierpinski gasket. It is easy to see that {gi,g2,93) satisfies the assumptions of The- 
orem 4.8. Moreover, 5(^1,^2,^3) = BD{J{G)) = < 2. By Theorems 4.8, 3.18 and 
2.15, there exists an open neighborhood U of {gi,g2,93) in (Aut(C))^ and a subset A of 
U with HD(f/ \ A) < HD(f/) = 6 such that (1) {7 = (71, 72, 73)}7er/ is a holomorphic 
family in Exp(3) satisfying the analytic transversality condition, the strong transversal- 
ity condition and the transversality condition, and (2) for each 7 = (71,72,73) G A, 
HD(J((7i,72,73))) = 5(71,72,73) < 2. 

Example 4.11. For each j = 1,...,6, let pj := exp(2j7rV— 1/6). Let p^ := 0. For each 
j — 1, . . . ,7, let gj{z) = 3{z — pj) + pj. Let G — {gi, . . . ,gT). Then J{G) is equal to the 
Snowflake (see [12, Example 3.8.12], Figure 2). It is easy to see that {gi, . . . ,g-j) satisfies the 
assumptions of Theorem 4-8 (see Figure 2). Moreover, 5{gi, . . . , gy) = HD(J(G')) = |^ < 
2. By Theorems 4-8, 3.18 and 2.15, there exists an open neighborhood U of {gi,...,g'j) 
in (Aut(C))^ and a subset A of U with HD(f/ \ A) < HD(f/) = 14 such that (1) {7 = 
(71, . . . 77)}-Yet/ is a holomorphic family in Exp(7) satisfying the analytic transversality con- 
dition, the strong transversality condition and the transversality condition, and (2) for each 
7 = (71, . . . , 77) e A HD( J((7i, . . . , 77))) = 5(71, . . . , 77) < 2. 



34 



HIROKI SUMI AND MARIUSZ URBANSKI 



Example 4.12. For each j — 1, ... ,5, letpj :— exp(2_77r-\/^/5). For each j — 1, ... ,5, let 

9ji^) — s-y/^ i^ ~ Pi) '^Pj- G — (gi, . . . ,g^). Then J{G) is equal to the Pentakun f[12, 
Example 3.8.11], Figure 2). It is easy to see that {gi, . . . , (/s) satisfies the assumptions of 
Theorem 4.8 (see Figure 2). Moreover, 5(gi, . . . ,^5) = HD(J(G)) = ]°^^, < 2. By The- 

orems 4-8, 3.18 and 2.15, there exists an open neighborhood U of {gi, . . . ,5(5) in (Aut(C))^ 
and a subset A of U with HD([/ \ A) < HD(t/) = 10 such that (1) {7 = (71, . . . 75)}-yec/ is 
a holomorphic family in Exp(5) satisfying the analytic transversality condition, the strong 
transversality condition and the transversality condition, and (2) for each 7 = (71, ... , 75) e 
A, HD( J((7i, . . . , 75))) = 5(71, . . . , 75) < 2. 



Figure 2. (Prom left to right) Snowflake, Pentakun 




As we see in Examples 4.9-4.12, we have many examples to which we can apply Theo- 
rem 4.8. 

5. Remarks 

We finally give a remark. 

Remark 5.1. We can prove similar results to those in sections 3, 4 (especially Theo- 
rems 3.12, 3.18, Proposition 3.21, Lemma 3.22, Theorem 4-8) for a family {^^}\^u — 
{Wi}iei}\eu of hyperbolic conformal iterated function systems (CIFSs) on an open subset 
V ofW{p e N) without open set condition, where (p^ -.V is a contracting conformal 

map, and U is a bounded open subset of M'^, d > p. For each X & U, we consider the limit 
set J($^) of^^. In the above setting, the definition of the transversality condition is mod- 
ified such that the right hand side of (3.1) is replaced by Cir^. The definition of the strong 
transversality condition is modified such that the right hand side of (3.5) is replaced by 
C[r^^'^. If p = 2 and each ip^ is a holomorphic map, then we can define "analytic transver- 
sality family" just like Definition 3.20. The number "2" (which represents the dimension of 
the phase space C) in results of the previous sections are replaced by the number p. These 
results will be stated and will be proved in the authors ' upcoming paper [44] . 
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